A STUl^Y OF CERTAIN SUBCLASSES OF 
UNIVALENT ANALYTIC FUNCTIONS 


by 

VEDANABBATLA. SRINIVAS 



DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY KANPUR 



A STUDY OF CERTAIN SUBCLASSES OF 
UNIVALENT ANALYTIC FUNCTIONS 


A Thesis Submitted 

in Partial Fulfilment of the Requirements 
for the Degree of 

DOCTOR OF PHILOSOPHY 


by 

VEDANABHATLA. SRINIVAS 


to the 

DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY KANPUR 


JULY, 1991 



D - ^ ~STU 


“fTx 

Ci ~ '^ Is 

^t'\ -s .1 I 


- 3 FEB '99^ I 

CENTR&L li°RART( 

j I ■!■ K AMPSJW 

teMiL a1.1?1?J. 



CERTIFICATE 


It is certified that the work contained in the thesis 
entitled "A STUDY OF CERTAIN SUBCLASSES OF UNIVALENT ANALYTIC 
FUNCTKNIS" , by Vedanabhatla S^lnivas . has been carried out under 
our supervision and that this work has not been submitted 
elsewhere for a degree. 



< 0. P. Juneja ) 

Professor 

Dept, of Mathematics 

Indian Institute of Technology 

Kanpur 208 016, UP. INDIA 


C-'P- 


( G. P. Kapoor ) 

Assistant Professor 
Department of Mathematics 
Indian Institute of Technology 
Kanpur 208 016, UP. INDIA 


July. 1991. 


SYNOPSIS 


Hatme of Student s Vedanabhatla Srinivas Roll No. : 8420862 

Degree for which std>iiiitted ; Ph.D. Departnent : Mathematics 

Thesis Title : A Study of Certain Subclasses of Univalent Analytic 
Functions 

Naaaes of thesis siq>ervisors : 

1. Dr G.P. Kapoor 

2. Or O.P. Ouneja 

Month and year of thesis sid>Biisslon : July, 1991. 


The thesis consists of seven chapters. 

Chapter I is introduction and consists of basic definitions 
and known results used in the subsequent chapters of the thesis. 

Chapter II is devoted to the study of the class CV/GCR^.R^l, 
0 S Rj < ^ 00. ^2 ^ ^ recently introduced by D. Styer and D.J. 
Wright CProc. Amer. Math. Soc., 109, No. 4, <1990), 981-990J. 

it 

First, certain necessary conditions in terms of d = sup jf<C)| 

C«^U 

for f to be in CVG<Rj,R 2 > are determined in this chapter. One of 

# 

these conditions gives a lower bound on d if f « CVGCR^.R^). 
Necessary and sufficient conditions are determined for R^ to be 
equal to R^ if f « CVGCRj.R^). Further in this chapter. the 
results of following nature are obtained for the class CVG(R^,R 2 >-. 



# 

(i) growth bounds on |f(z>| in terms of d <ii> lower growth bound 
on |f( 2 >j involving |z| and Rj in the disc |z| < R^, R^ 0-545 

<iii> bounds on the functional jCf<Zj) - f (z^) )/<Zj-Z 2 > } 'for 
certain distinct z^ . z^ in the unit disc U <iv) distortion bounds 
on jf'(z)j in the disc |zj S 3 - "/B <v) a rotation theorem when 

R^ < 00 and <vi> an estimate of Euclidean curvature k<f:z}. 
Finally, an open problem of A.W. Goodman CProc. Amer. Math. Soc. 
02. NO. 4. (1984). 541-5463 is solved for CVG<Rj.R 2 >. R^ < oo in 
this chapter by showing that CVG<Rj,R 2 > S CV<j^) where 

r = ZR^ - 1 - 2 Jr^ - and r is the largest possible such a 
number. 

In Chapter III the concept of a-curvature, a < 1 is 

introduced for functions analytic and locally univalent in the 

unit disc U and the resulting classes CV <R,,R,>,0 ^ R. S R. S o», 

a X c i c 

0 £ a < 1 and C (K> , K > 0 , oi < 1 are studied. For OCR, ^ R, < ». 

d I c 

functions in CV <R, ,R-) are called convex functions of bounded 
o 1 2 

a-type. While some of the results contained in the chapter for 

the classes CV (R, ,R-> and C (K) are analogues of the results of 
ale a 

A.W. Goodman Cop. cit.; ibid. 87. No. 2, <1986), 305-3063 for the 

class CV<R, ,R.,) s CV <R, .R,) and those of K.-J.Wirths CProc. Amer. 

Math. Soc. 103 , No. 2 <1988) 525-530; Ann. Univ. Mariae 

Curie-Sklodowska Sect. A 41 <1987) 153-158 <1989)3 for the class 

C<K) s C <K) , several other results found in the chapter are new. 

First, the sharp lower bound on y so that a functior* in 

CV <R, ,R-), R, < 00 Is convex of order j' is obtained. Then an 
a l e e 
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integral operator that transforms convex functions of bounded 

a-type into convex functions of bounded type CGoodman (1984)3 is 

studied. This integral operator is helpful in finding distortion 

bounds for the class CV <R, .R.). The other results obtained in 

this chapter for the class CV^tR^.R^) are of the following nature: 

(i) growth theorem on |f<z)j <ii> bounds on the functional 

|<f< 2 j) - f (z^) )/< 2 j-Z 2 ) ( for certain distinct in U and 

<iii> a rotation theorem when R^ < ®. Next, necessary and 

sufficient conditions for a function f to be in the class C (K> 

a 

are found. The other results for the class C (K> found in this 

a. 

chapter include <i) the bounds on the second, and third Taylor 
series coefficients for functions in C (K> and <ii) distortion 

Cl 

bounds . 


A function 
f (0) = 0. f' <0) 
be expressed as 
(2) g<z> = 1 + 


f analytic in the unit disc U, normalized by 

= 1 with f(z) ^ 0 in the punctured disc U\C0}, may 

(1) f<z> * V'(g> = 2 /g(z> in U, where 

Z b z in U. For V'(g> varying over a certain 
n=l 


cla.ss of polynomials of degree atmost n <n i 2>, the reciprocal 
coefficient region is defined in Chapter IV. First. the 
reciprocal coefficient regions of certain classes of univalent 
polynomials are determined in this chapter. Further necessary and 
sufficient conditions in terms of the reciprocal coefficient 
regions are found for a polynomial to be in certain 
subclasses of star like functions or convex functions or in certain 
other known subclasses of univalent functions. The reciprocal 
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coefficient regions of certain classes of univalent polynomials 
determined in this work are improvements over the reciprocal 
coefficient region found by H. Silverman and E.M. Silvia CComplex 
Variables Theory and applns. 5 <1986>, >15-5213 for certain bigger 
class of univalent polynomials. 

In Chapter V, necessary and sufficient conditions in terms of 

the coefficients b are determined for the function yfig") to be in 

n 

certain classes of analytic functions. Necessary and sufficient 

conditions in terms of the reciprocal coefficient regions for a 

trinomial V'<g) to be in certain subclasses of univalent functions 

with univalent Gel f ond-Leontev derivatives in U are determined. 

The bounds on b , 1 < n ^ 4 are found, when a trinomial iJ'Cg) is 
n 

univalent and has univalent Ge I f ond-Leontev derivative in U. 

CD 

Necessary as well as sufficient conditions in terms of fb_5 are 

determined for the function v'(g> to be in each one of certain 
subclasses of starlike functions or spiral like functions. Some of 
the results in this chapter generalize the results of M.O. Reade; 
H. Silverman and P. G. Todorov CRend. Circ. Mat. Palermo (2) 33 

No. 2 (1984). 265-2723. 

In Chapter VI the support points, growth theorems and 

distortion theorems for certain new subclasses of analytic 

functions are determined. Among the new classes considered are 

(i> the class ACn.Mj^l, n = 1.2,5,..., consisting of functions 

■ »■ ■ ' ■ ■ ' ' ' , 

f{z> = z + Z with arg aj^ = -arg Mj^ for 0 and 
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00 

^ a. < 1 where CM. >. ie a sequence of nonzero complex 

k = n+l ^ 

numbers and <ii) the class A <n,B. ,z >. n = 1,2.5 z real, 

O K O O 

0 < |z I < 1. B > 0, consisting of functions with two fixed 

O K 

points 0, z . The extreme points of each of the classes Afn.M, > 
o K 

and A <n,B, ,z > are determined. The support points of certain 

O K O 

subclasses of univalent functions with univalent Ge If ond-Leontev 
derivatives in U and the class ACn,Mj^> with |M|^1 ^ ^ *-re 

described. The support points of the class A <n,B. ,z ) with 

O K O 

B|^ ^ k are also determined. Growth and distortion properties for 

functions in the classes ACn.M. > and A (n.B, .z > are also found in 

k o k o 

this chapter. Finally, the radii for starl ikeness . convexity 
etc,, in the class ACn.M^^} are determined. 

In Chapter VII, the positivity of real parts of linear 

combinations of analytic functions is studied. Let ^ = ^<f,f',f"> 

% 

and V' = ,f''>, where f is in either of the classes of 

<i) starlike functions <ii) convex functions (iii> starlike 

functions of order 1/2 <iv> prestarlike functions of order a. be 

such that ^ and y as functions of z are analytic and Re ^ > 0 in 

the domain under consideration. In this chapter, the following 

problems with special choices of functionals ^ and V' studied : 

(i> To find the largest p, 0 < p < 1, such that. Re > 0 in 

the disc |z| < p (ii) To find the ranges of scalars X and p such 

that Re<X^ + pv*) > 0 the unit disc U. Finally, sufficient 

'00 

conditions regarding Problem <ii> in terms of X, p and {b^>^_, 

n n - 1 

determined where f and b 's are as in <1> and <2> respectively. 


are 
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CHAPTER I 


INTRODUCTION 

1.1 A complex valued function is said to be analytic in a domain 
C5 (a non-empty open connected subset of the complex plane C) if 
it has a uniquely determined derivative at each point of O. A 
function f is said to be univalent in a domain O if it never 
takes any value more than once, that is, the condition 

f<Zj> = f<z^), Zj , z^ € n, implies Zj = z^. A necessary 

condition for an analytic function f to be univalent in O is that 
f' <z) ^0 in O. That this condition is not sufficient can be seen 
by considering the function f<z> = e^ whose derivative never 
vanishes but clearly it is not univalent in C. 

In the study of univalent functions, the Riemann mapping 
theorem plays an important role. The theorem states that if O is 
a simply connected domain which is a proper subset of the complex 
plane and z^ is a given point in O, then there is a unique 
function f which maps O conformally onto the unit disc 
U = Cz^:|zj<l> and has the properties = 0 and f'(z^) > 0. 

Thus, for the study of geometric properties of functions 
univalent and analytic in a simply connected domain which is a 
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proper subset of the complex plane, one may therefore confine, 
without loss of generality, to functions univalent and analytic 
in the unit disc U. 

If g is univalent and analytic in U. so is the function 
f (z>=(g<z>-g<0) >/g' <0> since g' (0) ^ 0. Thus it is enough to 
consider univalent analytic functions in U satisfying f<0> = 0 

and f'(0> = 1. Let A denote the class of functions f analytic in 
U. i4j denote the subclass of functions f e normalized by the 
conditions f<0> = 0, f' <0) = 1 and let S be the subclass of 
functions f in that are univalent in U. The Taylor series 

expansion of such a function f<z) about the origin has the form 

00 

(1.1.1) f<z>=z+2:a^z^. zeU. 

n=2 " 

The study of theory of univalent functions was initiated by 

Koebe C643 in 1907 in a paper on the uni formization of analytic 

curves. He proved that the ranges of ail functions in S contain a 

common disc |w| < b, where b is an absolute constant. The Koebe 

function k(.z> = z/(l-z)^ shows that b S 1/4. Bieberbach [113 

established that b = 1/4. He also proved in the same paper that 

if f € S, than ja^l ^ 2 with equality occurring only for the 
*• i© i© 

rotations e A(e z> , 9 real, of the Koebe function M(z) . 

Motivated by these extremal properties of the Koebe function, 

Bieberbach coniectured that for every feS and of the form (l.l.l). 

(1.1.2) , ja^j S n, n = 2,5, ... 



Equality occurs in (1.1.2) for each n, if and only if. f is the 
Koebe function A<z) or one of its rotations. 
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A conjecture stronger than Bieberbach conjecture is due to 
Robertson [111] which asserts that if f € S, then the 
coefficients of odd univalent functions 

h(z> = -j f <z^) * z + CjZ^ + CjZ^ + ... 
satisfy the inequality 

k^l ^ ‘^2k-l I - ^ • n = 1.2..,. 

where c^ = 1 . 

In 1971. Mil in [80] proposed the following conjecture: 

If f € S, then 

n m - 

r z ^ ' 1-2. ••• 

m=l k=l 

where n = 1.2. ... are given by 

00 

log <f<z)/z> = 2 Z y- z^ . 

n=l 

Mil in conjecture is the strongest in the sense .that it implies 
Robertson conjecture and hence Bieberbach conjecture. 

Recently. Mil in conjecture has been proved by Louis de 
Branges [24]. With this, both Bieberbach conjecture and 
Robertson conjecture stand proved in affirmative. A different 
and sin^lified version df Louis de Brange's proof has now been 
given by Fitzgerald and Pommerenke [?0]. Yet. the univalent 
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function theory has got interesting open problems. For instance, 
Ruscheweyh [117] has conjectured the following: 

LetD= {g«j4j;jg"(z>| <Re g'<z), zcUl and S* be as in 
Definition 1.2.1. 

Conjecture ; Let f be in the closed convex hull of S, g « D. Then 
f*g € S where f*g denotes the convolution defined in Section 1.5. 
This conjecture is verified partially in [117] and is stronger 
than the Bieberbach conjecture. This still remains open for 
investigation. 

Some more open problems in the univalent function theory can 
be found in Schober C12>], Shaffer [126], Ahuja [1], Hayman [53], 
Singh [144], Barnard [7], Brannan and Hayman [18] etc.. 

During the process of solution of the Bieberbach and related 
conjectures, several subclasses of univalent functions, important 
in their own right, were introduced and different techniques like 
Loewner parametric method, convolution techniques, variational 
methods, subordination technique etc. were discovered. All these 
developments are amply reflected in Bernard!' s Bibliography of 
Univalent Functions [?]. The texts of Nehari [89], Goluzin [39], 
Jenkins [38], Pommerenke [102], Schober [122], Duren [26] and 
Goodman [42], [43] cover almost all the fundamental aspects of the 
theory of univalent functions. 

1.2 For a function f € S, Nevanlinna £90] found the bounds on 
the growth of jf(z>|. Thus for z € U, 
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(1.2.1) ^ |f(z)| £ — I ... . |2| = r. 

<l+r) <l-r)^ 

Bounds on jf<z>| are called growth bounds. 

The information about local dilation factor of a conformal 

mapping f(z> is obtained, by finding bounds on |f'(z)|. Such 

bounds on jf'<z>| are called distortion bounds. Nevanlinna 

proved C90] that, if f e S and z e U, then 

(1.2.2) -±:!_ < |f'(z)| <-111-, . jzl = r. 

(1+r)^ (l-r)^ 

In both the inequalities (1.2.1) and (1.2.2), only the Koebe 

2 

function >i(z) = z/(l-z) and its rotations give sharpness. 
Grownwall [47] obtained an upper bound of jf'(z)| in terms of the 
area of the image domain f(U) and r. Thus, he found 


(1.2.3) 


|f <z>| 




lz| = r. 


where = area of f<U> < oo. The inequality (1.2.5) is sharp and 
the extremal function depends on r. 


Iliev [54] extended 
considering the functional 
that for f e S and points z. 




Nevanlinna's result (1.2.2) by 
I ( f (Zj ) -f (Z 2 ) )/(Zj -Z 2 ) I and proved 
, z^ € U wi th J Zj I < 1 I . 


f (Zj >-f (z^) 

^r^2 


^1^2 


<l-|zj|>^(l-|z2|> 


where the left hand side inec^uality holds if the segment joining 
f(Z 2 > and fCz^) lies in f(U> while the right hand side inequality 
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holds if [z] either increases or decreases on the line segment 
joining Zj and z^- 

Let /f be a set of functions f analytic in U. The Koebe 

domain for the set M is denoted by K<>f) and is the collection of 

points w such that w is in f<U) for every f in M. In symbols 

K</f) = n f(U). 

f€« 

Bieberbach [11] proved that, the Koebe domain for S, 

K(S> = Cw e C: |w| < 1/41 . 
which settles a conjecture of Koebe [643. 

The bounds on arg f* <z> give information about the local 
rotation factor of a conformal mapping f(z). Such bounds are 
called rotation bounds. 


Goluzin [>53. found that, for f c S, 


arg f' <z> j i -j 


4 Arc sin r 


rr + log Cr^/(l-r^>> 


r < 1/42 


r > 1/42 


i n the disc I z 1 = r < 1 . 


A domain Q in the complex plane is said to be starl ike with 

respect to a point w € D, if the line segment joining w_ to 

o o 

every other point w e £> lies in D. 


Definition 1.2.1 A function f € is said to be star like with 
respect to a point w^ if f maps U onto a domain that is starlike 
with respect to the point w^. 
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The class of starlike functions with respect to the origin 

# # 
is denoted by S . It is known IZ61 that S £ S. 

Nevanlinna [913 found that a function f « >4j is in S*. if 
and only if, for z € U. 

(I.2.*) Re > 0. 

Geometrically. <1.2.4) gives that, for each fixed r. 0 < r < 1, 

iO 

arg f(re > strictly increases with 9, 0 < 9 < Zn . 


The growth and distortion inequalities (1.2.1) and (1.2.2) 
continue to hold for functions in S and are sharp only for the 
Koebe function M(z) and its rotations. The Koebe domain for S , 

K<S*) = { w € C: |w| < 1/4 > 


and is thus the same as that for 5. The rotation bounds for 
« 

functions in S are due to Stroganoff [1473 and Goodman [403. 


Nevanlinna [913 determined that a necessary condition for 
00 

f<z) = z + Z a z^ € S* i s 
n=2 " 

(1.2.5) |a^j < n. n = 2.5. ... 

Strict inequality holds in (1.2.5) for all n unless f is a 

-2 

rotation of the Koebe function, k(z) = z(l-z) . A sufficient 

•e- 

condition for f to be in S is that [653, 

00 


( 1 . 2 . 6 ) 


Z nla { 
' n' 


< 1 . 


The class of starlike functions is generalized by Robertson 



e 


[111], by introducing the concept of starlike functions of 
order a. 


Definition 1.2.2 A function f e is said to be starlike of 
order a <0 ^ a < 1), if for z « U, 

/ t 9 T\ o Z'f' 

Rb ^ ^ Oi • 

We denote by S <a> , the class of starlike functions of order 
a. It follows that S*<0> = S*. S*(a) £ S*. 0 < a ^ 1, S*(l> = Cz> 
and S (Oj > £ S (a^) for • 

For a function f € S (a), Robertson [1113 found the bounds 
on growth of jf(z)j. Thus, for z € U, 


< 1 . 2 . 8 ) 


(l+r> 


I n -a) 


< 


|f<z)| 


The function M(z.a) = z/<l-z>^^^ 
The sharp inequality (1.2.8) gives 
S*<a) is 


gives sharpness 
that the Koebe 


in <1.2.8). 
domain for 


K<S*<a)) = C w € C;|wl < 4®"^ }. 


The rotation bounds for S <«) are due to Pinchuk [1013. 


Robertson [1113 discovered that a necessary condition for a 

function f<z) = z + Z a z to be in S <a) is 

n=2 " 

<1.2.9) Ja^l < 7 --- 4;v n <k-2a). n = 2.5. ... 

The inequality <1.2.9) is sharp for the function >t<z,a). 

It 

sufficient condition for f to be in S <«) is [793 


A 
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( 1 . 2 . 10 ) 



A domain D in the complex plane is said to be convex if it 
contains the line segment joining and z^ for all distinct 
points Zj , z^ in O. 


Definition 1.2.? A function f e >4^ is said to be convex if f 
maps U onto a convex domain. 

We denote the class of convex functions by CV. Study C149D 
and Robertson [111] found an analytic characterization of 
functions in CV. Thus, a function f e i4j is in CV, if and only 
i f , for z € U, 

zf"(z) 

(1.2.11) Re < i + ) > 0. 

i6 

Geometrically, the condition (1.2.11) means that w = f(re ) maps 
each circle jzj = r < 1 onto a simple closed contour whose 

tangent rotates monotoni cal ly as 0 increases in the counter 
clockwise direction. 


It is observed that CV S 5 


The containment is proper 


2 

since the Koebe function M(z) = z/(l-z) is in S . but is not in 


the class CV. 


Alexander [41 discovered a close connection between the 
classes CV and S . Thus, a function 

(1.2.12) f € CV. if and only if. zf' « S*. 


The kind of relation (1.2.12) is called Alexander type relation. 
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The growth bounds for f € CV are determined by Grownwall 
C48D. Thus, for z s \J, 

(1.2.15) £ |f< 2 )| S yLj: . jz] = r. 

He also determined distortion bounds for CV. Thus, for z € U, 

(1.2.14) — I *- < |f'<z)| < — |z| = r. 

(1+r) <l-r) 

The function l<z) = z/(l-z) and its rotations only give sharpness 
in the inequalities (1.2.13) and (1.2.14). Loewner C70] 
independently obtained (1.2.13) and (1.2.14). 

For the class CV. the bounds on the functional 
I (f (Zj )-f (z^ ) ) /<Zj -z^) I are determined by Iliev C543. Thus for 
f « CV and points Zj , z^ « U with |Zj| < jz^l* 

f(z )-f(z ) 

(1.2.15) = < I — 

(l+|Zj|) (l+lz^j) ^l"^2 

where the right hand side inequality holds if |z| either 
increases or decreases on the line segment joining Zj and z^. 

The Koebe domain for CV, 

K(CV) = C w € C: |w| <1/21. 

It is known [263 that the rotation bounds for CV are given by. 

jarg f'(z>| S 2 Arc sin r, |z| = r, 

for z e U and the inequality is sharp. 

00 

A necessary condition for f(z>=z+ Z a z" « CV is 

n=2 " 
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(1.2.16) la I < 1 . n = 2.? 

I I 

obtained by Loewner [70]. Strict inequality holds for all n in 

(1.2.16) unless f is a rotation of the function l(z) = z/d-z). 

It is known [63] that a sufficient condition for f to be in CV is 

(1.2.17) Z n^ 

n=2 

The class of convex functions is also generalized by 
Robertson [111] by introducing the concept of convex functions of 
order a. 

Definition 1.2.4 A function f € .4^ is said to be convex of order 

o (0 < o < 1), if and only if, for z e U, 

(1.2.18) Re ( 1 + ^ « • 

We denote the class of convex functions of order a by CV(a). 
Brown [21] has found an analytic condition that is equivalent to 

(1.2.18) . Thus, a function f belonging to S, is in CV(a) 

(0 ^ a < 1), if and only if. Re (l+(z-z )f"(z)/f' (z) ) > a for 

o 

|z - z^l < 1- jZjjl < 1* It is easily seen that CV(0) = CV, 

CV(a) £ CV, 0 < a < 1, CV Cl> = {zl and CV(aj) £ CV<a^) for 

* 

£ Oj . An Alexander type relation connects CV(a) and S (a). 
Thus , for 0 < a < 1 , 

f e CV(a), if and only if, zf' c S*<a) . 

Allowing a to be negative also in Definition 1.2.4* 
Hallenbeck [31] showed that CV(a} also consists of univalent 
functions for a satisfying -1/2 < a < 0. 


,1 ^ 
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Strohhacker [148D and Marx C76] proved that every convex 
function ie starlike of order 1/2 and that this result is sharp. 
Later, Jack C55] proposed a general problem, viz, if f € CV<a> , 
find /?<a> such that f € S (/?(o)). He obtained a partial solution 
to this problem, MacGregor C743 and Goel [353 solved this 
problem completely by showing that if f is in CV(ot> (0 ^ a < 1> 
then f is in S (/?> where 


ft = ■ <l-2^"'^>"^ 


ft = 


.2(l-a) 


1 


if a 1/2, 


if a = 1/2. 


2 log 2 

The growth bounds of functions f € CV(a> , 0 < a S 1, are 
obtained by Robertson [1113. Thus, for z e U-, jzj * r, 

2a- 1 


f <l+r)^"”^-l 


(1.2.19) -I 


The function 


2a 


< |f <z) I < 


l-<l-r) 


2a- 1 


if a 1/2 


In <l+r) < |f(z)| < -ln(l-r>. 


if a = 1/2. 


(1.2.20) I (z) = •( 

OI i 


l-(l-z) 


2a- 1 


2a- 1 


- log (l-z). 


if a 1/2 


if a = 1/2, 


gives sharpness in (1.2.19). Robertson [1113 also 
distortion bounds .for CV(a). Thus, for z e U. 

1 


found 


( 1 . 2 . 21 ) 




(1-r) 


2(1 -a) • 


(1+r) 



1 ? 


The function I (z) in (1,2.20) gives sharpness in (1,2.21). It 
ot 

follows from (1.2.19) that the Koebe domain for CV(a) , 

r C w: |wj < (2^®"^ -l)/(2a - 1)>. if a i- 1/2. 


K (CV(a)) = j 


t ( w: |w| < In 2 }, 


if a = 1 /2 . 


The rotation bounds for CV(a) are due to Pinchuk C1013. Thus, 
for z € U, and f € CV(a) , 0 5 a < 1, 

(1.2.22) I arg f' (z) j < 2 ( 1 - 0 ) Arc sin r. |z| = r. 


The inequality (1.2.22) is sharp. 

Robertson Cllll determined that for a function 

OD 

f(z) = z + Z a z" in CV(a). 0 ^ a < 1. 
n=2 " 

1 " 

(1.2.25) |a I < n (k-2a). 

' m n! 


The inequality (1.2.25) is sharp for the function I (z) in 

a 

(1.2.20). It follows from (1.2.10) that a sufficient condition 

for f to be in CV(a) is 
00 

(1.2.24) Z n(n-o) la I < 1-a. 

n=2 ‘ 

For an analytic and locally univalent function f(z) in U. 
and r « (0.1), the (Euclidean) curvature, k(f;z> of the curve 
f(|z| = r) at the point f(z), is given by Cl 49 3 

( 1 . 2 . 25 ) k(f,z) , Re (lfzf-(z)/r (z>) ^ 

jzf" (z> | 
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The radius of curvature pCfjz) of the curve f<jz|=r) at the point 
f ( z> is def i ned as , 

1 


(1.2.26) 


p(f;Z) = 


k<f;z) • 

We denote, throughout in the sequel. 


(1.2.27) 


k(z) = k(f5Z), 


p(z) = p(f;Z). 


In geometrical terms, k(f;z) = ds/dy' where s is the arc length on 
f(|zj = r) and iff is the angle the tangent to = r) makes 
with the positive real axis. 


If f € S, it is known that C423. for z c U, 
(1.2.28) 


l-4r+r^ zf"(z) ^ ^ l+4r+r^ i_i 

S Re (1 + ) S B — , |z| * r. 


l-r‘ 


f' (z) 


l-r‘ 


Using (1.2.2) and (1.2. 20), it follows that for z € U, 

(1.2.29) ( lzll±£_ < k(f;z) < ( )^ l-^^r+T . I _ 

1+r r 1-r r • i i 

The lower bound in (1.2.29) is sharp and changes sign at the 
radius of convexity r^^ = 2 - VJ , [65], [83]. 

«■ 

Goodman found [41] that if f e S . z € U and F is a directed 
curve. through z. then 

(1.2.30) |k(f;z)| < I'<y<r)| + (4-2r) |z| = r 

where = K^(r(z)) is the curvature of F at z. Equality 

occurs in (1.2.30) for a suitable rotation of the Koebe function. 

It is clear that for f e CV, k(f;z> > 0 in UXCOl. Zmorovic 
[162] proved that if f « CV, then the bounds on k(f{Z) in terms 
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of | 2 | are given by 

2 2 

1-r l-r 2 t ft 

(1.2.51) i-i- < k<fiZ) < f sin I exp (-1 + i J ) 

^ ^ e - 1 

1 +r 

where t = 2 In and |z| = r < 1. The inequality <1.2.51) is 

sharp for the function f(z) = <1 - < )^”^^) A^ . , where 

0 < X = t"^ -(e^-l)“^ < 1/2. 


Eenigenburg [27] found the lower bound on k<f;z> if f is in 
CV<a) . 0 < a < 1 . Thus . 


k<f;z) > 


, , 2 . 1 -a 

(l-r ) 


z| = r < 1. 


with equality holding only for the function (and rotations) I (z) 

ot 

given in (1 .2.20) . 


Kor i cki i 

[65] 

found 

that the 

curvature K., of 

the 

image 

curve of the 

radial 

1 ine 

arg z = ^' 

under functions 

in 

CV is 


bounded. In [82] Mirosnicenko describes the extretral functions 
for which K,, attains maximum for functions in the class S, A 
sharp lower bound on curvature of f(|z| = r) is also found in 
[823 when f is an odd univalent function in U. 


Recently Goodman [44] introduced a very interesting concept 
of convex functions of bounded type based on curvature of 
f(Jz|=r>, 0<r < 1. Roughly, these are the normalized 
univalent functions with the radius of curvature p<f;z> bounded 
as Rj S p(f ;z) S R^ I 0 S Rj i R^ ^ ® on jzj = 1. To give a 
precise definition of convex functions of bounded type, let 
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<1.2.32) 


p<r> = min p<z), 
1 z| =r 


p (r> = max p<z> 
I z I =r 


and 

(1.2.35) 


= 1 im inf P^<r) . 

r-^1 


R = 1 im sup p < r> 

r-^1 


Limit superior in the definition of R may be replaced by limit 

« 

since p (r)/r is increasing C137] in r on <0,1). 

Definition 1.2.3 Let R^ , R^ be fixed in CO, »] . A function f € S 
is said to be in the class CV(Rj,R 2 ) if Rj ^ R^^ and R* ^ R^ where 
R^ and R* are as in (1.2.33). For 0 < Rj< R 2 <«>. a function f in 
CV<Rj.R 2 ) is called a convex function of bounded type . 

A function f is said to be in CVCRj.R^) if. Rj = R^ .R^ = R* 

« 

where R^ and R are as in (1.2.33). 

For 0 < Rj* < Rj < R^ i R^* ^ ^ 1- CV(Rj.R 2 > £ CV<R*,R*). 


It follows C443 that 


u 

0<Rj<R2£® 


CV(Rj.R 2 > = CV. In C443. Goodman 


found that for R^ < ®, CV(Rj,R 2 ) £ CV(a) for some a > 1/AR^ and 
that CV(/?) is not contained in CV(Rj,R 2 ) for 0 < /3 < 1. 

Usually, for the problems concerning CVXR^.R^) the function 


(1.2.34) 


pR = i 


1-4 1 - 1 /R^ z 


1 < R^ < OD 


z 


R2 = ® 


behaves as an extremal function. For 1 < R2 < ®. F^^ maps U 

2 
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( 2 

conformally onto the disc having centre at 4 ^2 ” ^2 radius 

R,. F maps U conformally onto C w se C : Re w > -1/2 >. Clearly, 

C CD 


for 1 < R_ i », F_ is in CV<R ,R,>, for any R, such that 
^ ^2 12 . Jl 


0 i Rj S R^ . In the case R^ = ®. quantities like R^ 


- J R^ - R, 


have to be interpreted as their limits as R^ tends to ®. 


Some other examples of functions in CVCR^.R^) for specif ip 


choices of Rj and R^ are as follows: 

(1.2.55) f,(z) = (1 - < 

1 1+z Z*4X 


^ = CV(®.®), 0<X<l/2 


f^(z) = -I 


i log ' 
a ^ 1-az 


CV(1 , (l-a^)"^''^) , 0<a<l 


log cCVd.OD) 


f^(z) = e^ - 1 € CVd.m) 
f^(z) = j log € CVd .CO) 


h^(z) = z+z /4 € CV(4T/2.®) 

h.^(z) = z+z’/9 € CV(4T/2,®) 

h ..(z) = z+az^ € Cy( ^ I 

a, 5 l+9a 


d-5a)' 

l-9a 


), 0ia<l/15 


/ i ^( 2 ) = z + z ^/ k ^ 


CV( oo). k > 4 

2 k 


= z+az*^ € CVCRj(k,a), R 2 <k,a)>, 0<a<l/k^ for k=2; 


1/15 < a < 1/9 for k = 3 and 


5 x 5 '/ 2 . 


1 / 2 . 


.2 2 . 1/2 


R,<k,a) = <,-fr)"'‘<k-l)‘'"d-k^a^>‘' R,<k,a) = 


d-ka)‘ 
— , 

1-k^a 
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h (z) = z+az*^ c CV< iL±|2_) ,o<a<l/k^ .k 2: 4. 

1+k^a 1-k^a 

For a function f c CV(Rj,R 2 ). it follows t45D that 


(1.2.56) 


Area (f(U)) < ttR^ . 


Using <1.2. >6), Goodman [443 determined that for 
00 

f(z) = 2 + Z a z" c CV<R, .R,>, 
n=2 " ^ ^ 


00 


(1.2.57) 


1 + 


£ nla^l < .,2 


2 2 
' R, 


n=2 


and equality holds for F^ given by (1.2.54), R, ^ 1 , It follows 

^2 ^ 

from (1.2.57) that for k > 2. 

R 2-1 

<1.2.58) |a^| < ( 

It is not known whether the inequality (1.2.58) is actually 


sharp. The function F^ given by (1.2.54) suggests that for 

^2 


R^ > 1. k > 2 

(1.2.59) |aj^| < (l-l/R^) 

may be true. Raupach [1063 proved (1.2.59) for k = 2. An 

independent proof of (1.2.59) for k = 2. was given by Wirths 

[1593. Mejia and Minda [783 also established (1.2.59) for k = 2. 

Wirths [1593 proved (1.2.59) for k = 5. The binomials 

p (z) = 2 + az*^, a > 0. n 2: 2, 0 ^ an^ < 1 given by (1.2.55) 
sl , n 

show that (1.2.59) is not true for al 1 k i 2 and > 1 . 


Goodman [443, [463 obtained upper growth bounds for f in 
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CV<Rj.R 2 > in terms of distance of boundary of f(U> from the 
origin. Thus, for z « U. 


(1 .2.40) K<z>| - 2 R 2 - d 


and 

(1.2.41) 


f <z> I 


rd < 2 R 2 -d) 
~ R^Cl-D+rd 


where d 

= inf |Cj. 

Cadf (U) 

Both 

the 

inequal i t i es 

(1.2.40) and 

(1.2.41) 

are sharp for F„ 
^2 

g i ven 

by (1 

.2.34). For 

R^ < 00 . f(U> 

is homeomorphic image of U 

under 

f (z) . 

For R 2 = 

00 , the upper 


bounds in (1.2.40), (1.2.41) have to be interpreted as limits as 

tends to to and if f(e ) for some real 6 does not exist, we 
i6 

assume that |f(e )| = 00 . 


Ma et al . C71] found both lower and upper growth bounds 
independent of d for f e CV(Rj,R 2 ). R 2 < Thus, for z € U, 

(1.2.42) < |f (z) 1 < , |z| = r. 

l+r41-l/R2 l-rfwTR^ 

The sharp upper bound in the inequality (1.2.42) was first 
obtained by Goodman [461 in the annulus l>|2j — 2 ( 2R2~1 ) • 

For f € CV(Rj,R 2 ) an upper distortion bound is due to 
Goodman [463 for which the sharp function depends on z. Thus, 

(1.2.4J) |f<z)| £ — 1^1 = ■• < 1- 


The inequality (1.2.4>> 


is sharp for each r € (0,1) and Fp 


given 
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by <1.2.?4>. where R, 


l/<l-r ) . 


It follows that C713 the sharp lower and upper distortion 
bounds for f € CVCR^.R^), R^ < ®. are as follows: 


(1.2.44) 


(l+r4T -IVR^)' 


< If' (z> I < 


(l-rTTTTR^) 


2 ' 


z = r 


where the lower bound holds for z e U and the upper bound holds 

for z in disc |z| S 2/< 1+-^ 5-4A >, A = l-l/R^ . Equality holds in 

any one of the inequalities in (1.2.42) and (1.2.44) for z ^ 0. 

if and only if, f is a rotation of the function F„ in (1.2.34). 

^2 

Unlike in the sharpness function for (1.2.43), in the sharpness 

function F_ for (1.2.44), R- is independent of r. 

^2 ^ 

Further for f € CV(Rj,R 2 ) and z in the annulus 1 > |z| > r, 
r = 2/( 1+4 5-4A ), A = 4 1 “1 /R 2 • an upper distortion bound better 
than that in (1.2.43) is due to Ma et al . C71]. Thus 

R„(l+41-1/R. ) 

(1.2.43) ^ 5 -^ . I 2 I = r. 

( 1 -r )r (2+(1-4TT7 rJ ) r) 


For f € CV(Rj,R 2 ) an upper distortion bound involving 
5(f(z)) = the distance of df(U) from the point f(z), is found by 
Mejia and Minda [783. Thus, for z € U, 

6 (f(z)) C2R^-<5(f(z))3 

<1.2.46) |f'<z>|S , |z| ' r. 

Rj (1-r > 

Equality holds in (1.2.46). only for conformal functions that map 
U onto a disc of radius R^. 
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Goodman [443 obtained bounds on the distance of df<U> from 
the origin when f c CVCRj.R^). Thus, 

(1.2.47) R^- Jr 2^-R2 < d < Rj- Jr^-Rj 

where the upper bound holds when R. ^ 1 and d = inf |C| • 

C€df<U> 

Further, it follows [443 that bounds on Rj and R^ in terms of d 
are 

(1.2.48) Rj ^ < R^ 

where the lower inequality holds when Rj ^ 1 and that the Koebe 
domain for CV(Rj.R 2 ) is given by 

K(CV(Rj,R2)) = C w € C:|w| < R 2 " 4R2^ - R 2 >> 

For f € CV(Rj ,R 2 ) . the inequalities (1.2.40), (1.2.47) give 
the upper bound on the distance of farthermost point on df(U) 
from the origin. Thus, 

(1.2.49) d* < R^ + “1^2^ ■ ^2 • 

where d* = sup |C I • The function F^ in (1.2.54) gives 

C€df(U) ^2 

sharpness in the inequalities (1.2.47) through (1.2.49). 

Goodman [443 introduced the concept of starlike functions of 
bounded type. He defined a class ST(Rj,R 2 >t 0 S Rj S R^ ^ 

R^ 1, by connecting it to the class CV(Rj,R 2 ) through an 

Alexander type relation. Thus f e CV(Rj,R 2 >t if and only if, zf' 

is in ST(Rj.R 2 >. For 0 < Rj < R 2 < ®. functions in ST(Rj.R 2 > are 
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called starlike functions of bounded type. 

In 1956. the following fundamental theorem was found: 

Blaschke *8 Rolling Theorem [673 Given a regular, simple. complete 

convex curve C. the circle of radius (sup k(z>)~^ rolls freely 

zeC 

inside C in the sense that, if it touches C from inside at any 
point, it lies entirely within the closed convex set bounded by C 
and it is the largest circle with this property, where k<z> is 
curvature. The smallest circle with the property that C with 
inf k(z> > 0 rolls freely inside it. has radius (inf k(z) 

Z€C Z€C 

Inspired by Blaschke's Rolling Theorem. Styer and Wright 
[1503 attempted to generalize the class CV(Rj.R 2 > by introducing 
the class CVG(Rj,R 2 >. 0 Rj < R^ ^ oo, R^ ^ 1. Roughly, a 
normalized univalent function f « CVG(Rj.R 2 ). if and only if, a 
circle of radius Rj can roll around the inside of df(U> and a 
circle of radius R^ containing f(U> in its interior can roll 
around the outside of ^f(U>. 

The precise definition of the class CVG(Rj,R 2 ) is given as 
fol lows : 

Definition 1.2.6 Given 0 < Rj < R^ S ®, R^ ^ 1 . let CVG(Rj,R 2 > 
be the class of functions f in S with the property that for each 
7 ) € df(U) there are open discs 0 ^( 17 ) and D 2 < 77 > of radius Rj and 
R^ respectively such that, tj e ^^( 77 ) n ^D 2 < 77 > and 

Dj( 77) £ f(U> £ D2 Ct7>. 
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If Rj » 0 or * OD, Dj( 7)> and are to be interpreted as the 

empty set and an open half-plane, respectively and in the case 
Rj = 0, the condition n is to be replaced by 

7 ) c ^7)> . 

It follows C783. C1505 that CVG<0.R2> = CV<0.R2> for R^ ^ 1 . 
Styer and Wright C150] obtained that CVCR^.R^) S CVGCRj.R^) S CV 

for 0 < Rj < R^ S 00 . R^ ^ 1 . For 0 < R^* < R^ < R^ < R^* ^ oo; it 

is easily seen that CVG<Rj,R 2 ) £ CVG(Rj* , R^*) . Thus it follows 
for 0 S Rj < R^. R 2 ^ 1. that 

(1.2.50) CVG<Rj .R^) £ CV<0.R2> . 

It is observed [150] that the inequalities (1.2.47), (1.2.49) 

continue to hold for CVGCRj.R^) and equality holds in these 
inequalities for a function f, if and only if, f is a rotation of 

F_ given by (1.2.54). Thus, the Koebe domain for CVG(R, ,R-). 

ix 2 i it 

K(CVG(Rj .R^)) = C w € C: |w| < R 2 “ ^ 

is the same as that for CV(Rj.R 2 ). It follows from (1.2.50) and 
[159] that the inequality (1.2.59) continues to hold for 
CVG(Rj,R 2 >. for k = 2 and 5. 

For a function f in S, the unit exterior normal to the curve 
f(Jz| = r), re (0,1) at the point f(z) is given by 

(1.2.51) n(z) = J ^ z) j ' 

Styer and Wright [1501 found that for 0 £ Rj S R^ £ ». R 2 ^ 1 and 
f e S, the following are equivalent. 
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( i ) f c CVG(Rj .R^) . 

<ii) f « CV, and for every C ^ for which f(C> is finite, 

(1.2.52) f<U> £ D(f<C> - R2n(C>. R2^' 

Further, in the case Rj > 0, 

(1.2.55) D(f(C) - Rjn(C). Rj ) £ f(U) 

where n(^) is as in (1.2.51) and D(a,R) = { z e C: | 2 ~a| < R >. 

(iii) f(U) is the intersection of open discs of radius R 2 
and in the case R^ > 0, the union of open discs of radius R^ . 

Let a.b € C, ja-bj < 2R. R > 0. For |a-b| < 2R. let 

E(a,b;R) denote Aj n where A^ and A^ are open discs of radius 
R such that a, be dA^ n and for |a-b| = 2R, set 

E(a.b;R) = D((a+b)/2. R). 

It is proved in C150] that for 1 :S R^ £ 00 , R^ = 0 and f e S, 
the above conditions (i). (ii) and (iii) are equivalent to 

(iv) for every u,v € f(U), 3 a.b e f(U) such that 

u.v € E(a.b;R 2 ) £ f(U). 

A class of locally univalent functions that contains the 
class CVXRj.R^) was studied by Mirths C1593,C160]. 

Definition 1.2.7 A function f e ^ is said to be in the class 
C(K). K > 0, if and only if, f is locally univalent in U and 

lim inf k<f;z) ^ K 
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where k<f;z) is as in <1.2.25). 

Clearly, for < ». CV<Rj.R 2 > C Cd/R^) and for 0 < K S K* . 
the class C(K*> S C<K) . Functions f c C(K), satisfy the following 
local minimum property C159]: 

(1.2.54) k(f;z) has no local minimum in U\C0},k(f;z) > K in U\(0). 

The analogues of the inequality (1.2,59) for functions in the 
class C(K) have been proved for k = 2. in [159], [1601 and for 

k = 5 in [1593. 

Further, the Taylor coefficients c^^ . for k > 1 of the 

QD 

function f(z) = Z Cj^z*^ e C<K) . K > 0, satisfy the following 

k=0 

relation [1603, 

(1.2.55) K|cj - j <n-l) c^_ja^ + nc^^a - j (n+1) c^^j | 

< 1+a^ - a Re E, - ^ (1+a^) Re E + i a Re (E , +E ^, ) . 

1 z n z n~i n+i 

® 

where n > 2, l+zf"(z)/f' (z) = Z E.z and a = 4l-K|cJ . The 

k=0 ^ 

inequality (1.2.55) is sharp. 

Another interesting class which is closely related to the 
class CV<Rj,R 2 ) is recently introduced by Mejia and Minda [78] as 
f ol lows . 


Let k e [0 .a>) . 

A region O 

c 

C is 

called k-convex 

if 

ja-bj < 2/k for any 

pair of distinct 

points 

a , b « O and 

the 

intersection E(a,b: 

1/k) of the two 

open discs 

of radii 1/k 

that 


both have a and b on their boundary lies in O. When k = 0, 
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E(a,b;oo> is simply Ca.b], the straight line segment between the 
points a and b. 

The following characterization for functions f « CVCO.R^). 
in terms of the l/R^ ~ convex regions is obtained in C78]: 

[ If 1 < R- < 00 and f e S, then f e CV(0,R->, if 
and only if, f(U) is a l/R^-convex region. 

Def i ni t i on 1.2.8 Let for k ^ 0. K(k.o) denote the class of all 
analytic functions f on U such that f is univalent in U,f(0> = 0. 
f'(0) = o» > 0 and f<U> is a k-convex region. 

The normalization in the definition forces a < 1/k C783. It 
is observed that [78] K(O.l) = CV and for k < l.CV(0.1/k> £ K(k.l>, 

Ma et al . [71] obtained growth and distortion bounds for 
K(k,a), k > 0, analogous to that in the inequalities (1.2.42), 
(1.2.44), (1.2.45). Distortion bounds similar to that in the 
inequality (1.2.46) and Koebe domain for K(k,a), k i 0 were 
obtained by Mejia and Minda [78]. The sharp bound on jf"(0)j/2! 
and the following basic estimate for f e K(k,a), k i 0, were also 
found in [78]: For z e U, 

f"(z)(l-|z|^) , K 

(1.2.57) I zfTjj) - z I < 4 l-(l-|zp) |f'(z)|k . 

Equality holds in (1.2.57) at a point, if and only if, f is a 
rotation of the function az/ <l~ 41 -ok z). 
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1.3 A function f c .4 i s said to be subordinate in U to a 

function F c 4 (denoted by f(z> « F(2>) if there exists a 

function w e A such that | w(z) | S |z| and f<z) = F(w(z)) in U. 

00 00 

Let f<z> = 21 a z . F<z) = Z b z*^ be in .4 and f<z> « F(z). 

n=l " n=l ^ 

Clearly it follows from the definition of subordination that 


aj < |bj|. Further C1153. C1143 


(1.5.1) 



n = 1 . 2 . . . . 


We say that a function F € .4 majorizes a function f e ^4 in a 
disc |zj < R, 0 < R S 1 if jf(z)| i |F(z>| in the disc |z| < R. 

Biernacki [14], [15] was first to investigate connection 
between subordination and majorization. It is discovered [15] 
that if F € CV and f is convex and univalent in U, then 


(1.3.2) \ 


f(z) « F(z) implies jf(z)| £ |F(z)| in the disc |z| < R^ 

where R = 0.543 is the least positive root of 
o 

Arc sin x + 2 Arc tan x = ti/2. 


The connection between subordination and majorization has 
been further investigated in [37], [127] and [13]. 


The study of relation between subordination and majorization 
of derivatives was initiated by Goluzin [36], [37], [36]. It is 
known due to Shah-Tao [126] that if F € S and f' (0) ^ 0, then 

(1.5.3) f<z) « F<z) implies |f'( 2 )j < jF'( 2 )j in | 2 | < 3-y6. 
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A class closely related to certain subclasses of S is P 
defined as follows: 

Definition 1.5.1 A function p ^ A with p(0) = 1 is said to be in 
the class P if p<z) « . 

# 

It follows from (1.2.4) that a function f € is in S . if 
and only if, zf' /f is in P. Similarly, (1.2.11) gives that a 
function f c is in CV, if and only if, l+zf"/f' is in P. 

Janowski C573 introduced the following generalization of the 
class P. 

Definition 1.3.2 A function p g A with p(0) = 1 is said to be in 
the class P(A,B), -1 < B < A < 1 , if p(z) « . 

Geometrically a function p is in P(A,B), if and only if, 
p(0) = 1 and p(U) is inside an open disc centred on the real axis 
with a diameter having end points 

Dj = (1-A)/(1-B), D^ = (1+A)/(1+B). 

if B ^ -1 and p(U) is inside an open disc that lies in the half 
plane Re w > (l-A)/2 if B = -1. 

Clearly. P(A,B) S P. Special choices of parameters A and B 
lead to familiar classes: 

P(l.-l) = P. 

The class P(l.-1 + 1/M), M > 1/2 was studied by Janowski C363. 
The class P(l,2a-1), 0 S a < 1 was studied by Shaffer C1253. 
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The class P(l-Za,-1>, 0 £ a < 1 is the class defined by 
Re pCz) > o, p<0) = 1 and was studied by McCarty Z771. 

It is known C53 that if p c P<A,B), -1 £ B < A £ 1 , then on 
Jz| = r < 1 , 

< Re<p<z)) S |p(z>| £ ^ 

and is sharp for < l+Az)/< 1+Bz> . 

A class S<cx> [223 closely related to the class P<l-2ot,-l>, 

0 £ a < 1 is defined as follows: 

Definition 1.3.5 A function f c is said to be in the class 
S<o(>, 0 £ a < 3, if and only if, the function f/z is in the class 
P(l-2a.-l). 

Clearly S(a) £ J8(0> for 0 < a < 1. It is known that [1613 if 
f « then f(z> is univalent in the disc |zj < .JT - 1. 

Many of the important subclasses of univalent functions may 
be studied conveniently in terms of the class P(A,B>. Janowski 
[573 generalized the classes S <a> , 0 £ a £ 1, by introducing the 
following class of functions. 

Definition 1.5.4 A function f e >4^ is said to be in the class 
S*<A,B), -1 £ B < A £ 1 . if and only if, zf' /f is in P(A,B). 

It is easily seen that S*<1,-1> = S*. S*(l-2a, -1 > = S*(a). 
0 £ a < 1 and S*<A.B) £ S*. -1 £ B < A £ 1 . For f e S*<A,B> and 
jz| = r < 1 the growth bounds are given by [53: 
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r exp <-Ar> S |f< 2 )| i r exp <Ar>, 

The class S (A,B> or its particular cases are 
[1413. C953. [563. [283. [573. [1523, [543. In [973 a 


integral operator on the class S (A,B> is studied. 


if B ^ 0. 

if B = 0. 

studied in 
particular 


A "continuous” passage from starlike functions to convex 
functions is the following class [873. 

Definition 1.5.5 A function f in is said to be a-convex in U, 
a € C, if f <z)f' < 2 >/z ^ 0 and 

zf' (z> zf''(z> 

(1,5.4) Re (<l-a) + a < 1 + )> > 0. z e U. 

We denote the set of all a-convex functions by M . Clearly. 

OL 

M = S and M, = CV. By restricting a to be real. Miller et al. 
o 1 

[813 have shown that if f is in M for a < 1. then f is starlike, 

Ol 

while if a > 1, then f is convex. In fact, Sakaguchi had studied 
some of the properties of functions f satisfying (1.5.4) earlier 
in [1203. The notion of a-convexity has been further generalized 
in [63. 


« 

The following class generalizes the class S (A,B). 

Definition 1.5.6 A function f e A^ is said to be in the class 
SP^(A,B), -1<B<A<1, - n/Z < X < n/2. if and only if, 

— L_ ( - i sin X ) c P(A,B). 

cos X f 

We have SP°(A.B) = S*(A.B>. 
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The class SP^(1,-1> wider than the class S*, was studied by 
Spacek C145D. For a function f € SP^<1,-1,) geometrically it means 
that, for each w in f(U) and t ^ 0 the logarithmic spiral 
w exp <e ‘^t) is contained in f(U). We call functions in SP^<1,-1) 
to be X-spirallike and denote the set of all such functions by 
SP(X). We have SP<0) = S* and SP^(A.B) £ SP<X). 

Libera C693 investigated the class SP^( 1 -2p . -1 ) , 0 < p < 1 

which is a generalization of SP(X>. We say functions in 
SP to be X~sp i re 1 1 i ke of order p end denote it by 

SP<X,p). Me heve SP(X,p) S SP(X>, SP(X.0> = SP(X> end, SP(0,p) is 
contained in S (p> . 

CD 

It is known [1353 that if f(z) = z + 2 a z" e SP^(A.B). 

n=2 ^ 

then 


ja^l S (A-B) cos X, 

ja^l < — cos X |Be‘^ + (B-A) cos X|. 

Silvia [1403 introduced the following generalization of 
oi-convex and X-spirallike functions. 


Definition 1.5.7 A function f c is said to be a-X spiral of 
order ft, a > 0, |X| < rr/2, X real ,0</3<l, iff(z)f'<z>/z 0 
for z € U and 


s.c X + a <1 + ,3 . i tan X « 

We denote the class of all a-X spiral functions of order ft by 
SF^ifty. We have SP°<0> = M^. sp\^> = SP<X,p>, SPj</3) = CV</?> and 
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SP°</3> * S {ft}, 0 S ft < 1. Silvia in fact has shown C140] that 

SP^</3> £ SP^</3). It is known C133] that if f(z) - z + £ a z*^ is 
“ ° n=2 " 

in SP^(^). then 

Ol 



Zil-fty cos X 





{l-ft} cos X |<a+e*^)^ + 2(l-/3) cos X.(3a+e‘^)| 

•> I iXi I j iX|2 

2oi + e j I c* + e j 


Another well known subclass of univalent functions is the 


class of cl ose-to-convex functions introduced by Kaplan C60]. 


Definition 1.3.8 A function f in >4j is said to be close-to~convex 
in U <or merely close-to-convex) if there exists a function h in 
CV such that 

(1.3.3) Re ( > > 0 , z € U. 

e*' h' <z) 

for some real ft with \ft\ < n/2. 

We denote the class of close-to-convex functions by CC. 

Loosely speaking, a function f € >4 is close-to-convex, if and only 

if. none of the curves f < | z | = r) , 0 < r < 1. makes a "reverse 

hair pin turn". Precisely, the requirement is that as 9 

1 

increases, the tangent direction arg {{d/dQ} f<re >> should never 
decrease by as much as n from any previous value 1160]. Ozaki [94] 
and Kaplan [60] proved that CC £ S. Reade [107], [108] discovered 
that the Bieberbach conjecture holds for CC. 

* 

Choosing h * f/z, ft - 0 in <1.3.5), we obtain that S £ CC. 
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If we select h(z) s z, ^ = 0 in <1,5.5), then we get the 
class R of functions f in CC that satisfy Re f' <z> >0 in U. The 
class R was extensively studied by MacGregor C723.C733. The radii 
for univalence and convexity of partial sums of functions in the 
class R or its subclasses were determined in C96]. 

A generalization of R is given as follows C29].C75]: 

Definition 1.3.9 A function f e Xj is said to be in the class 
R<a) , 0 i a < 1, if it satisfies that Re f' (z) > « in U. 

Clearly R<0) = R and R</3) £ R<a) for Q < a < ft < 1. 

OD 

It is known C88] that if f<z> = z + Z a z^ € R<a> , 0 < a < 1, 

n = 2 " 

then 

la I < 2(l-a)/n . n = 2,3, . . . 

» n ' 

00 

Given two analytic functions f(z) = Z a z” in a disc |zl<R,, 

rt n * ' 1 

n=0 

OD 

R, > 0 and g<z) = Z b z*^ in a disc |z| < R», R^ > 0, their 
^ n=0 " 

Hadamard product (or convolution) f(z)*g<z) is defined by 

00 

f(z)*g<z) = Z a b z and represents an analytic function in the 

rv 

n=0 

disc |z| < ^ 2 ^ 2 ' denote <f*g)(z) = f<z)*g<z). 

The following basic result of Ruscheweyh and Shei 1 -Smal 1 
[118] plays an important role in proving several convolution 
results. 

# 

Let ^ € CV and g € S . Then for each F € A and satisfying 
Re F<z) > 0 in U, we have 
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< 1 . 5 . 6 ) 

The conclusion 
values only in 
every F € A . 


Re > 0. 

(^*g) (z) 

of the above result implies that 
the convex hull of the range of 


z € U. 

<^*Fg)/C^*g> takes 
F(z> over U for 


Ruscheweyh and Shei 1-Small [118] also proved that if ^ and g 
are in S*<l/2> and F € A with Re F<z) > 0 in U then 

<^*g) < z ) 

takes values in the convex hull of F<U). 

Definition 1.5.10 A function f c A with f(0) = 0, f' <0> ^ 0 is 

said to be in the class S , a £ 1. if and only if, 

ot 


Re <zf' <z)/f <z)) > a 


in U . 


Suffridge [151] found that 


00 

^ if a < /? < 1 and Z y<a,k> a^^z 


k=l 


<1.5.7) j y <t,k) are as in z/<l-z) 


k 

2<l-t) 


00 


S where 
a 

<x> 

Z j'<t ,k) z^ 
k=l 


then Z j'</?,k) a. z € S^. 
k=l 


An interesting class of prestarlike functions of order a was 
introduced by Ruscheweyh [116] as follows using convolution 
techniques . 


Definition 1.5.11 A f unct ionf€><withf<0>=0, f'<0) ^ 0 is 

called prestarlike of order a, o < 1, if and only if, 


f<z> . 1 
zf' <0) ^ I 


z € U, a = 1 , 


L. (1-z) 


^<l-a> 


* f<Z) € S , 
a 


<x < 1 . 
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We denote the class of prestarlike functions of order a by R . 

a 

Clearly n = CV and /?, ,,0-4, = S*(l/2). Suffridge 

o 1 1/Z 1 

[131 D and Ruscheweyh C116D showed that i> R^ £ R^ for a < ft £ 1, 

ii) iff, g€R,a<l then f*g e R . The class R may contain 
01 ck a 

non-univalent functions for 1/2 < a < 1 [1373. A result analogous 
to that in Cl. 3. 6) for R^ is due to Ruscheweyh [1163: 

For a < 1, let d> ^ R , g c S and F e -4 with Re FCz) >0 in U. 
Then for z e U 


Re > 0. 

(^*g) < z > 

Sheii-Small et al . [1293 further generalized the concept of 
prestariike functions of order a. 


Let ^ * ^Cf.f' .f"> and v' = .f"). where f is in CV or 
S*<l/2>, be such that Re ^ > 0 in U. Recently, Singh and Paul 
[1433 studied the following types of problems: 


(i> To find the largest number p. 0 < p < 1 such that 
Re (^ + > 0 in the disc |z| < p. 

(ii) To find the ranges of scalars X and p such that 
Re <X^ + py/) > 0 in U. 

Problem <i> is solved in [1433 with ^ = f/z, y = 1/f' and 

2 ♦ 

4> - z f"/f, y» = zf' /f where f is in S Cl/2> and radii p are 

obtained as ^ 4-fI-^ and ^ SjT-ll respectively. For functions f in 

CV and ^ = l+zf"/f" and y/ = 1/f' it is found [1433 that 
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(1.3.8) the radius p in Problem (i) is <4T-l)/y2. 


Further, Problem <ii) is investigated in C1453 with ^ = zf' /f 

and v = s (z,f)/f where s (z.f) denotes the n-th partial sum of 
n . n 

f(z) and f is in S (1/2). Thus, it is determined that 

L(z) = Re < X f p ) 

is positive in U if <i) X > 0 , ^ 0 and atleast one of them is 
nonzero (ii) p e C, X > 4[^| . The result is sharp in the sense 
that the ranges of X and p can not be increased. 


Problem (ii) is also studied in C1433 with 4> = f/zf' and 

= 1/f' when f € CV, In fact, it is shown that Re (X^ + juy) > 0 

in U for X > Zp ^ 0 . 

1.4 The functions in the class S whose non-zero Taylor 
coefficients, from the second on, are negative have many 
interesting properties. Polynomials in S whose nonzero Taylor 
coefficients from the second on are negative were first 
investigated by Schild in C121]. Silverman [1303 further extended 
this study to the infinite power series case. 

Definition 1.4.1 A function f € is said to be in the class T, 
if and only if, f(z) is univalent in U and is of the form 

CO 

<1.4.1) t<z> = I - I a„z". a a 0. 

n.2 " " 

Def init ion 1.4.2 A function f € i4j and of the form (1.4.1) is said 
to be in the class C, if f(z> is convex and univalent in U. 
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Clearly C £ CV, The clasees T, C and their subclasses have 
been studied extensively by Silverman [150], Gupta and Jain [493. 
[50], Silverman and Silvia [158], Kapoor and Mishra [61] and 
others. Throughout in this section, unless otherwise stated, we 
assume that function f is of the form <1.4,1). 

It is known [1503 that, if f e T, then 

(1.4.2) a < l/n, n = 2.5 

n 

The inequality (1.4.2) is sharp. A necessary and sufficient 

condition for a function f to be in T is that 

00 

(1.4.5) Z n a < 1 . 

n=2 

In view of the inequalities (1.2.6) and (1.4.5), the functions in 
T are starlike, i.e., T is contained in S . The classes C and T 
are closely related by an Alexander type relation: 

(1.4.4) f e C, if and only if, zf' e T. 

It follows from (1.4.2) and (1.4.4) that if f e C, then 

(1.4.5) a < 1/n^ , n = 2,5, . . . 

n 

The inequality (1.4.5) is sharp. Similarly (1.4.5) and (1.4.4) 
give that for f € C, it is necessary and sufficient that 

® 2 

Z n a <1. 
n 


The following is a generalization [150] of the class T. 
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Definition 1.4.5 A function f € of the form (1.4.1) is said to 
be in the class T (a). 0 < a < 1, if and only if. 

Re <2f' (z)/f (z> ) ^ a z e U. 

Clearly T*(0> = T. T*(a> £ 1* ift) for 0 < ft < a < 1. 

T*(l> = Czl and T*<a> £ S*<a> . 0 S a < 1. It is known [1503 

that for a function f to be in T (a), a necessary condition is 

(1.4.6) a < . n = 2,5, . . . 

n n-a 

The inequality (1.4.6) is sharp. Silverman [1503 also determined 

It 

that a necessary and sufficient condition for f to be in T (a). 
0 S ot ^ 1 is 

OD 

(1.4.7) Z (n-oi) a < 1-ot. 

n=2 " 

A generalization of the class C is the following class C1503. 

Def init ion 1.4.4 A function f c of the form (1.4.1) is said 
to be in the class C(a), 0 < a < 1, if Re (1 + zf"(z) /f' (z> ) ^ a 

in U. 

Clearly C(0) = C. C(a) £ Gift) for 0 < ^ < a < 1. C(l) = (z) 

and C(a) £ CV(a) for 0 < a < 1. It is known [1503 that C(a) is 

contained in T (2/(5-a)), the number 2/(5-a) is sharp for 05a<l 

and that T (a) is not contained in C(a) for 0 £ a < 1. An 

It 

Alexander type relation exists between the classes C(oc) and T (ot>: 
f c C<a), if and only if, zf* e T*(a), 0 £ a < 1. 


Silverman Cl 503 proved that if f € C<a), then 


39 


<1.4. 6) S . n = 2,5. ... 


The inequality (1.4.8) is sharp. Further, f « C<ci) , if and 
only if, 

00 

Z n<n-a) a £ 1-a. 
n 


Sekine [124] introduced the following class ACn.CB^^l) which 
reduces to almost all classes of analytic functions with negative 


coefficients [124] for special choices of n and CB.>. . , . 

K K— n+i 

® k 

Definition 1.4.3 A function f<z) = z - Z a^z c , a^ ^ 0, 

k=n+l 

k ^ n+1 , n = 1,2,3 is said to be in the class A(n,CB|^]), 

OD 

B^ > 0 for k S n+l, if Z B a < 1. 

k=n+l ^ 

The class A(2,[B >> was introduced by Silverman in [134]. 

rV 

It is known [124] that if f € A(n,CB|^>> and Bj^ ^ ®k+l ' 
the growth bounds are given by, for z € U. 

max (0, r-r'^‘*’^/B^^j > < |f<z)| < r+r^'*’^ /B^^ ^ . |z| = r. 


The following class is a subclass of A<2,CBj^>), for B^^ s b^^ 
and was introduced in [3]. 


Def ini t i on 1.4.6 A function f(z) = z - (p/b-)z^ - Z a z*^ (OifCSl, 

^ n=3 " 

a ^0> is said to be in the class F <{b >) if there exists a 
n p n 

sequence Cb , of positive real numbers such that 
n 

OD 

p f £ . b a ^ 1 . 

, n n 


Several subclasses of T consisting of functions with a fixed 
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second coefficient follow as special cases of F < Cb >). Thus 

P n 

F < C (n-a> /( 1 -a) ) ) and F <Cn(n-a>/(l-a>>) were studied in C58]. 

P P 

Ahuja and Silverman C33 obtained that the radius for 

convexity in F (Cb >) is the largest value of r for which 
P n 


, 2,, . n-1 

iE r + ^ n-p)r < , 


Cn = 3.4. ... > . 


00 


Let V(© ;/3> be the class of functions f(z> ~ z + Z a^z e A. 

" n=2 " ^ 

such that for a 0 , e + <n-l>/3 s Tr<mod 2fr>. ^ real where 

n n 

arg a = ©_• 
n n 

Definition 1.4.7 A function f e is said to be in the class 
ft real if, f € V(©^;/?) is univalent in U. 


The union of SV<0 ;/?> taken over all possible sequences 

n 

W and all real numbers ft is denoted by SV. Silverman Cl 33] 

n=2 

00 

determined that if f(z) = z + Z a z*^ e SV, then 

^ n 
n=Z 


( 1 . 4 . 9 ) 


00 

Z nla 1 < 1. 
n=2 ' 


The subclass of SV<0^;/?) consisting of functions atari ike of 

•K> 

order a, 0 S a 1 is denoted by SV i9^-,ft'> and the subclass of SV 

consisting of functions starlike of order a, 0 £ a ^ 1 is denoted 

00 

by SV*<a). It is known C133] that, if f(z) = z + Z a^z" « SV (a). 

n=2 

0 £ a < 1 , then 


00 


Z <n-a> la I £ 1-a. 
n=2 


<1.4.10) 
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We denote by and R_ . 0 ^ a < 1. the subclass of 

OL Ot 


ce ),/3«IR 

n 


VCe ;^) consisting of functions in S(a> and R(a> 


respectively. Srivastava and Owa [146] found that if 
00 

f<z> = 2 + Z € * , 0 < a < 1, then 

n=2 " " 


(1.4.11) 


Z la < 1-a 
n=2 " 


and if f(z> =z+ Zaz eR. then 

n 01 

n=2 


(1.4.12) 


Z n|a I < 1-a. 
n=2 


Silverman [151] introduced the following class of functions 
with two fixed points. 

00 

Definition 1.4.8 A function f(z) = a.z - Z a z « X, a. > 0, 

a n 

n- 

a ^ 0 for n > 2 is said to be in the class S_(a,z^), 0 < a < 1, 

n o o 

-1 < z < 1. z ^ 0, if it satisfies that f(z ) = z_ and 
o o o o 


Re (zf' (z)/f (z) ) > a 


in U. 


It is observed [151] that functions in S„(a,z„) are 

o o 

univalent. A necessary and sufficient condition for 

00 ® _l 

f(z) = a.z - Z a 2 *^ with a, = 1+ Z a z'^ > 0, a 2: 0 for n > 2, 

n=2 n-Z 

to be in S*<o ,2 ) is [151] that 
o o 


(1 .4.15) 


W . 

2 > a. *^1 

n-z 


The study of S <a,z > has been further extended in [843. 
o o 
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A class closely related to S^(a.z^) is the following C151]: 


OD 


Definition 1.4.9 A function f(z) = a,z - Z a z*^ € >4 . a. > 0. 

■ ' n=2 " * 

a ^ 0 for n ^ 2 is said to be in the class K (a.z ), 0 S a < 1. 

n o o 

-1 < z < 1, z ^ 0, if it satisfies f(z ) = z and 
o o o o 


Re (l+zf"<z>/f' <z>> > a 


in U. 


It is known Cl 31] that K <a.z > £ S <2/<3-a), z > and thus 

o o o o 

consists of univalent functions only. A necessary and sufficient 

00 ® _ J 

condition for f<z) = a.z - Z a z'^ with a, = 1 + Z a z*^ > 0, 

^ n=2 " n=2 " ° 

a 0 for n > 2, to be in K (a.z ) is due to Silverman C131]; 
n o o 


(1.4.14) 


00 

_ , n<n-a) n-1. ^ , 

Z < — = - z ) a £ 1 . 

, 1-a o n 

n-2 


The results of Silverman C131] for S (a.z >. K (a.z > were 

o o o o 

extended to p-valent cases in C84]. 

Lakshma Reddy and Padmanabhan [68] further generalized the 


classes S (a.z ) and K (a.z > as follows: 
o o o o 


00 


n k 

Definition 1.4.10 A function f(z) = a^z - Z a j^z € A, k i 1, 

n=l ” 

a, > 0, a ^ 0, is said to be in the class S,(A,B,z^), -1 < z„< 1, 
1 n+K 1 o o 

z 0. -1 < A < B < 1. if f(z ) = z and 
o o o 


zf'(z)/f(z) « (1+Az)/(1+Bz) . 


Me have S,(2a-l.l,z ) = S (a.z ) and that [68] functions in 
1 o o o 

S.(A,B,z ) are univalent in U. It is known that [68] for 

^ ° <D 

f<i) = - s: . k £ 1. .j > 0. 2 0. f(z„> = 

1 
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■1 < < 1, we have f c S,<A,B,z ). if and only if, 

O i o 


OD 


<1 .4.15> 


m-1 


Z (m<B+l> - (A+l> - (B-A> z ) a_ < B-A 


m=k+l 


m 


00 


Definition 1.4.11 A function f(z> = a.z - Z a . . z*^ € k ^ 1. 

— 1 , n+k 

n=l 

aj > ^ 0, is said to be in the class Kj (A,B,z^> , -1 < z^< 1, 

z 0. -1 < A < B < 1 if f<z > = z and 
o o o 


l+zf"<z>/f' (z> « <1+Az>/(1+Bz> . 


We have K,<2a-l,l,z > = K (a,z ) and that K, (A,B,z^) 

i o o o 1 o 

consists of univalent functions only C68]. It is known C683 that 

f<z> = ajZ - ? k 2 1. aj > 0, a„^^ 2 0, f(z„> = z^. 

n=l 

we have f € K,<A,B,z >, if and only if, 

1 o 


(1.4.16) 


00 . 

Z <m(m(B+l> - <A+1)> - (B-A> z'"' > a_ < B-A. 
, . - o m 

m=k+l 


Another generalization of the classes S <oi,z_> and K^<oi,z^) 

o o o o 

due to Mishra and Sahu [851 is as follows: 

® k 

Definition 1.4.12 Let s(z) = Z c. z € A with c, >0, > 0, 

k=l 

® k 

k ^ 2 and g(z) = Z d. z € A with d, > 0, d. i 0. k > 2, 

k=i K ^ ^ 

(Cj^/Cj> - <dj^/dj) > 0. k = 2.5. ... Cj/dj . A function 

oo"* 

f<z>=a,z- Zaz*^«a4witha,^2:0, k = l,2 is said to be 

^ n=2 ” 

in the class FCs,g.a,z^3, z^ real, 0 < jz^| <1. if ~ ^o’ 

(g*f>(z> ^ 0, in the annulus 0 < jzj < 1, and 


_ <s*f>(z> . 

ig*nu> > “ 


in U. 
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The classes 

F t z(l-z) z<l-z) a, Zq3, 

F Cz<l+z><l-z) z(l-z> z 3 

o 

correspond to the classes S (a.z > and K (a.z > Silverman 

o o o o 

® k 

[1313. Mishra and Sahu C853 found that for s(z> = T. « A 

CO *^=1 

with Cj > 0, Cj^ ^ 0 , k 2 and g(z) = Z « A with dj > 0. 

d^ S 0. k > 2. (Cj^/Cj) - <d^/clj) > 0. k = 2.3. ... 0 < a < Cj/dj. 

CD 

real. 0 < I z^ I < 1. the function f(z) = a,z - Z a z*^ € i4 with 
o 'o' 1 - n 

n=z 

aj^ ^ 0. k = 1.2. .... is in the class Fts,g.a,z^3. if and only 


if, 

(1.4.17) 


“ , k-i , , , 

^ < FT-'- ad -' - ^ > »k ^ • 


k=2 1 


■1 


For open problems on T or related classes, one may refer to C1363. 

CD 

Let f(z) = Z a z*^ be analytic in Izl < R. 0 < R < ot». Let 

n ri ' ' 

n=0 

Cd^}®_j denote a non-decreasing sequence of positive numbers and 

CD 

let D be the operator which transforms the function f(z) = Z a z 

n=0 " 

into 


Df<z) = 


00 

n=l 


n 


a z 
n 


.n-l 


The operator D. called the Gelfond-Leontev derivative was 
introduced and studied by Gelfond and Leontev £323 in connection 
with the generalization of Fourier series. 
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Juneja and Shah [593 initiated the study o univalence of 
successive Gel fond-Leontev derivatives. Patel [9 extended the 
study of univalence of Ge 1 fond-Leontev derivati ^ of analytic 
functions. 

Def i n i t i on 1.4.15 A function f e T is said to bt in the class 
Tj<D), if and only if. its Gel fond-Leontev deriv live Df<z) is 
analytic and univalent in U. 


For d s n, we denote T,<D) by T, . Silverman studied T, in 
n 11 1 

[1553. Patel [983 has shown that in general, the class need 

not be contained in 1^(0) and conversely Tj(D> also need not be 

contained in . The clas Tj<D). being a subclass of T, the 

inequality a^ ^ 1/2 continues to hold even for functions 
00 

f<z> = z- E a z*^ € T, <D> . That this inequality is sharp can be 
n=2 " ^ 

2 

seen by considering the function p<z> = z-z /2 e T^CD). A bound 
on a^ is found in [983. for functions f in Tj<D> with restricted 
a^ . Thus . 

00 

f if f<z) = z- E a z*^ € T,<D), ft s sup fd /n> and 

n=2 " ^ ° n>2 " 


(1.4.18) ■( 


I 0 < < ft /d- then a, < /? /2d,. 

^ I, O C 7 o > 

A sufficient condition for f € T with a 2 > 0 to be in Tj<D> 

is that [983 


00 

E (n-1) d a^ S d,a^. 

- n n c £. 

n=5 


<1.4.19) 
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It is also proved in C98D that i f 0 < a^ ^ Zd^/ < 4d > and 

(1.4.19) holds then f « Tj(D>. 

For d s n, conditions (1.4.18) and (1.4.19) reduce to the 

n 

analogous conditions for Tj4found earlier by Silverman [1553. 

Definition 1.4.14 A function f e T is said to be in the class 
Cj<D) if f is convex and its Ge 1 f ond-Leontev derivative Df<z> is 
analytic, univalent and convex in U. 

Let Cj denote the class of functions in T for which f' is 

also convex in U. We observe that C, (D) £ C and, for d s n, 

J n 

Cj<D) reduces to Cj . In general. [983 the class need not be 

contained in Cj (D) and conversely Cj(D) need not be contained in 
Cj . Patel [983 determined a sufficient condition for a function f 
in C with a^ > 0 to be in Cj<D) as follows; 

® 2 

(1.4.20) Z (n-1) d a < d.a,. 

n=5 " " ^ ^ 

It is known [983 that if 0 < a^ ^ 4d^/(16dj + 9d2> and 

(1.4.20) holds then f e Cj(D). 

1.5 The problem of finding necessary and sufficient conditions 
for polynomials to belong to one of the following classes has been 
a subject of investigation by various workers for nearly four 
decades. 

Patel [983 has found both necessary and sufficient conditions 
for a trinomial to be in Tj(D) or Cj(D). Thus 
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f(z> * , p ^ Z, (a^ > 0, ^ 0> is in 


(1.5.1)-| Tj(D), if and only if, 


a ., < min 
P+1 


{ 


<1-Za2>/<P+1> 

Vz^PVi* 


For d E n. Cl. 5.1) reduces to the analogous condition for T, found 

n 1 

earlier by Silverman [1553. Further, 


2 D+1 

fCz> = z-a^z -ap^jZ^ , p ^ 2. Ca^ > 0, ^p^j ^ 0) is in 


<1.5.2)< CjCD), if and only if, 


{ 


Cl-Aa^l/Cp+l > 
a ,, min i - 


Definition 1.5.1 Let for p > 2 , 

®Ep-l = * “2P-1 ® %• *2P-1 

2 5 

St^ = CfCz) = z+a^z + a^z « S; f has radius for 

starlikeness unity; a^.a^ real), 

'^V-l ' * ®2p-l’- 

= CfCz) = z+a^z^ + a^z^ + z^/4 e S; a^.a^ real), 

Sj = CfCz) = z+ca^z^ + tz^ € Si real, t i 0). 

Clearly St^ £ S*. Ruscheweyh and Mirths [1193 found 

p 2p-l 

necessary and sufficient conditions for pCz) = z+SpZ + a^p.jZ 
to be in S* 


p ii 2. Thus 
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p « S, with a . a, , real, if and only if. 

Zp-1 p Zp*l 


(1.5.5) |a^l < 4 


l+<2p-l >a 


2p-l 


1 


< a 


p+L 


2p-l ” 2p-l “ <2p-l)<5p-l) 


(l-<2p-l)a 


4 < 


2p-l^*^^2p-l 


1/2 


(p+D^-Op-D^a^p.j 


P+1 


(2p-l><>p-l) 


^2p-l ~ IFT ■ 


Brannan and Brickman C173 obtained earlier necessary and 

2 3 

sufficient conditions for Pj(z) = z+a 2 Z +a^z to be in St^. Thus 
they showed that p^ € St^ with a^, a^ real, if and only if. 


l+5a, 


(1.5.4) 


^2 ' “ 


= 52aj ( 1 -3a^) ( 9-25a ^ ) ' ^ 


- i. < a ^ — 
5 “ *3 5 


1 ^ 

5 - ^3 ~ 5 


Necessary and sufficient conditions under which 
p^(z) = z+a^z^ + a^z^ + z^/4 is in are due to Brannan C163. 
Thus he found that is in with a^ . a^ real, if and only if. 


3a^ ■■ ^9, 2 ^ . 


-3(-r5+i) 


S a. 


, 3(4T+1) 

— t A" ♦ 


-g 2 ^ 8 

Kossler [663. Brannan [163. Cowling and Royster [233 and Rahman 
and Waniurski [1053 determined necessary and sufficient conditions 
for trinomials of particular form to be univalent in U. Kasten 
[623 studied close-to-convex trinomials. 
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Rahman 

and Szynal 

[1043 

obtained necessary and 

suf f i c i ent 

condi tions 

under which 


= z+ocjZ^ + tz^ is in . 

Thus they 

showed that 

Pj € Sj with Oj 

real, if and only if. 



(1.5.5) 



1 + 5t 

3 • 

2 i t(l-t) -t. 


0 < t < 


1 

To 


T5 


< t < 


1 

T 


A survey of univalent polynomials is given in C1323. 


Recently Ganeshan [513 has obtained necessary and sufficient 
conditions for a normalized cubic polynomial to be in S (a). 


Let 

2 

Dj = the closure of the domain bounded by <x+l/3) = y-2/9, 

(x-1/5)^ = y-2/9 and x^ = y+1/5, 

= the closure of the domain lying in x S 0 bounded by 
X = y+1/5 and 4x^-3x-8xy+4y+4y^ = 0, 

0^=02^ [(x.y) € R^; X > 0. y > x-1/51. 

A function f e >4 i s said to be typically real in U, if f(z> 

is real in U only for reals. It is proved in [1393 that for the 

00 

function g<z) = 1 + £ b^z”. z e LI, with b, and b, real 

n=l 12 

y(g> = z/g<2> is a typically real cubic polynomial in U, if and 
only if. 

(1.5.6) b.b ,-b = (b,^ - b, ) b ^ . n = 3,4. ... 

1 n“i n 1 z n-z 

2 

and either <t>j, b^) « or (b^ , b^) « D^. 


(1.5.7) 
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Further, it is shown [I??] that y<g) is a univalent cubic 
polynomial, if and only if, (1.5.6) holds and 

(1.5.B> * Dj or <b/. b^) « D,. 

1.6 A function f € ^4. with f<2) 0 in U\C0> may be expressed as 

00 

f<z> = z/g<z> where g<z> = 1+21 b z*^ e >4. We denote 

1 

n=l 

yCg) = z/g(z>. Thus for z e U, 

(1.6.1) f(z) = v'<g> = ■ 

<x> 

1 + Z b z" 

1 ri 
n=l 

Such a function g is uniquely determined and we call it the 
reciprocal of f in U. 

The study of properties of f vis-a-vis Taylor coefficients of 
its reciprocal function g is interesting. Prawitz CIO?] 

determined the following necessary condition in terms of the 
Taylor coefficients s of g(z) when f = V'^9^ is in S. Thus, he 
proved that if V'(g) e S, then 

(1.6.2) Z (n-1) lb I'" < 1. 

n=2 ' 

Mitrinovic C86] studied the converse problem, i.e., a 

sufficient condition in terms of the Taylor coefficients b_' s of 

n 

g(z> for to be in S. He determined the following sufficient 

condition in C863. Thus, if 

bjl + ? <n-l) |b„| S 1 


<1 .3) 
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then c S. 


Reade et al. C109] showed that the sufficient condition 

<1.6.5) in fact implies that V'^95 ® S*. Sufficient conditions in 

terms of the Taylor coefficients b 's are also determined [1091 

n 

for the class S*<o»> , 0 < o» < 1 and CV as follows. Thus, if 


00 

(1.6.4) r <n-l+a) | b | < -c 

n = 2 


<l-a) - (1-a) Jbj ( . 
( 1-a) - a 1^21* 


then « S <oi) . Further, if 


00 


(1.6.5) 4 ib-l + E (n-1) <5n+l) lb < 1 

' ‘ n=2 


0 < a < 1/2 

1/2 < a < 1 


then V'(g) € CV. 


The study of reciprocal functions has been further extended 

in [1101. Ahuja and Jain [21 obtained sufficient conditions in 

terms of Taylor coefficients b 's of g(z) for to be 'in 

n 

SP(X,p); If p, X are constants, 0 £ p < 1, -n/2 < X < n/Z and 

(1.6.6) E [k+{k^ - 4(l-p)(k+p-l) cos^ Xl^^^l|b I 
k=l 

< 2 <l-p) cos X 

then v(g) € SP<X,p). 


For X = 0. condition (1.6.6) reduces to condition (1.6.4). 

Robertson [1121 generalized the concept of convex functions 
of order a as follows: 


CENTRAL LiRRARY 

I I T 


M 


117134 
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De f i n i t i on 1.6.1 A function f c Aj^ is said to be a X-Robertson 
function of order a. -n/2 < X < n/2, 0 < a < 1 if it satisfies 
Re Ce*^<l+zf"(z)/f' <z)>3 > a cos X in the unit disc U. 

We denote the set of X~Robertson functions of order oi in U by 
C^(a). Thus, C°(a) = CV<a) . 


Sufficient condition in terms of b *s for to be a 

n 

X-Robertson function of order a in U is also determined in £23. 
This condition generalizes condition (1.6.5). Thus, i f 0 a < 1, 
-n/Z < X < n/2, ¥<<9) ^ 


OD 


5-Kl-a) cos X iK I X V <n-l ) {5n+(l-a> cos X) ^ , 

(l-a) cos X l^ll + t, U-o.) cos X l‘=nl " 


then vf(g) 4E C (a) . 

Recently, Silverman and Silvia C1393 found necessary 
condition in terms of the Taylor coefficients s of g(z) when 

^<<9) is in T*<o() . Thus, if v^Cg) € T*<ot> , then 


(1.6.7) 


b 1 < 


l-a 


n* n+l-a * 


n = 0 , 1 . 2 , . . 

OD 


The inequality (1.6.7) is sharp for g (z) = 1 + Z ( z*^)^, 

n n+l-a 

V'(g„> = z - ((l-a)/(n+l-a)) z”'^^ . 
n 


1.7 Let X be a complex linear space with a topology defined on 
it. If the vector addition defined on X x X and the . scalar 
multiplication defined on C x X, are continuous on the product 
spaces, then X is said to be a linear topological space. A subset 
Y of X is said to be convex if tx^ + <l-t> x^ belongs to Y for all 
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distinct and in Y, 0 < t < 1. A linear topological apace is 
said to be locally convex if every neighbourhood of the additive 
identity 0 in X contains a convex neighbourhood of 0. It is well 
known C154] that the class is a localy convex linear topological 
space with respect to the topology of uniform convergence on 
compact subsets of U. 

Let Y be a subset of a complex linear topological space. The 
convex hull of Y is the smallest convex set containing Y and is 
denoted by Co(Y>. 

Definition 1.7.1 Let Y be a subset of a complex linear 
topological space X. The closed convex hull of Y is the 
intersection of all closed convex sets containing Y. 

We denote the closed convex hull of Y by Co<Y). 

Definition 1.7.2 Let Y be a subset of a complex linear space X. 
A point f in Y is called an extreme point of Y if ^ ^ tXj+<l-t>X 2 
for any distinct x^ , x^ in Y and 0 < t < 1. 

We denote the set of extreme points of Y by ExtCYl. 

The following important theorem is helpful in determining 
extreme points of a subset Y of a linear topological space X. 

Krein-Mi 1 * man Theorem £423 Let C be a compact convex set in a 
locally convex linear topological space X. Then C is the closed 
convex hull of its extreme points, i.e.. C = Co(Ext{C>). 
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Thus it follows that if C is a nonempty convex subset of A, 
then ExtCC) is also nonempty. 

Extreme points of closed convex hulls of well known families 
S.S*,CV and CC were determined by Brickman et al. [193. Thus 

(1.7.1) Ext{Co<S*>> = C *. ; |x| = 1 >. 

(1-xz)^ 

The extreme points of closed convex hulls of S (a) and CVCcn) were 
determined in [20]. 

Some extremal problems for univalent functions can be stated 
in terms of continuous linear functionals on A. The following 
characterization of continuous linear functionals due to Toeplitz 
[156] is much useful. 


f Each continuous linear functional on A has the form 


(1.7.2) <{ 


00 


OD 


n 


L(h) = Z a b . h(z) = Z a z 
„ n n n n 

n=0 n=0 

for some sequence of complex constants such that 


lim sup < 1. Conversely, each such sequence 

n-»<» 

Cb^l generates a continuous linear functional L in 
this manner. 


Definition 1.7.3 Let X be a con^lex linear topological space and 
Y £ X. A point X € Y is called a support point of Y if there 
exists a continuous linear functional L, non-constant on Y, such 
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that Re(L(x)> ^ Re(L<y>> for all y e Y. 

We denote the set of support points of Y by SuppCY). 

It follows C263 from the Kre i n-Mi 1 ' man Theorem that there is 
atleast one extreme point among the support points associated with 
every continuous linear functional, i.e,, if Y is a subset of a 
locally convex linear topological space X and a continuous linear 
functional J on X has a support point x « Y with ReCJ> non- 
constant on Y, then there is an extreme point y of Y such that 
ReCJ(y>> = ReC3(x)>. 


Deeb C25] determined the set of support points of T: 

» 00 

SuppCT} = £ f € T: f(z> = z - Z \ z"/n .X >0. Z X <1, 

n=2 " n=2 " 

Xj = 0 for some j } . 

Def inition 1.7.4 Let P* Oia<l, 0 < ft < 1 and 


0 < fj < 1 be the class of functions fCz) = z - Z I a 1 z” e X for 

n=2 " 


which 


f' (z)-l 

^if' (z) + 1-<1+AJ> a 


< ft 


in U. 


It is known [921 that a function f(z) = z - Z la I z" is in 

n=2 ‘ 

P if and only if. 


(1.7.5) 


Z n(l+/j/3>ja j S (l+/j> /9<l-a> 
n=2 " 


The set of support points of P (.a,ft,fjy is also determined in [921. 


Owa et al . found the support points of T (a) and C(a) , 


0 < a < 1 in £953. 
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The linear convexity technique in univalent function theory 
IB discuseed in detail in [52], 

1.8 In this section a brief introduction of the thesis is given. 
The thesis consists of seven chapters. 

Chapter I is introduction and consists of basic definitions 
and known results used in the subsequent chapters of the thesis. 

Chapter II is devoted to the study of the class CVGCR^.R^). 

0 S Rj S 00 , R^ ^ 1 recently introduced by Styer and Wright 

<cf. Definition 1.2.6, C150D). First, certain necessary conditions 

in terms of d* = sup |f<C>J for f to be in CVG(R, ,R»> are 

CedU 

determined in this chapter. One of these conditions gives a 
lower bound on d if f € CVG<Rj,R 2 >. Necessary and sufficient 

conditions are determined for R^ to be equal to R^ if f is in 
CVGCRj.R^l. Further in this chapter, the results of following 
nature are obtained for the class CVG<Rj,R 2 ): <i> growth bounds on 

’N’ 

jf(z)j in terms of d Cii) lower growth bound on |f(z>j involving 
|z| and R, in the disc Izl < R , R = 0.545 <iii> bounds on the 

1 r 2 » * O O 

functional j<f<Zj) - f (z^) )/<Zj-Z2> j for certain distinct z^ , 
in the unit disc U (iv) distortion bounds on jf'(z)j in the disc 

jz| 5 5 -Vs <v) a rotation theorem when R^ < « and <vi> an 

estimate of Euclidean curvature k(f;z>. Finally, an open problem 
of Goodman C443 is solved for CVG(Rj,R 2 )i R^ < » in this chapter 
by showing that CVGCRj.R^) S CV(j') where y ~ ZR^-l-Z Jr^ - R 2 and 
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jf is the largest possible such a number. 

In Chapter III the concept of a-curvature, a < 1 is 

introduced for functions analytic and locally univalent in the 

unit disc U and the resulting classes CV (R, ,R->,0 SR, < R- < oo. 

a 1 z 1 ^ 

n < a < 1 and C^(K> , K > 0, a < 1 are studied. For 0<R, < R, < oo, 
01 1 c 

functions in CV^CR^.R^) are called, convex functions of bounded 

a-type . While some of the results contained in the chapter for 

the classes CV^<Rj.R 2 > and C^(K> are analogues of the results of 

Goodman [44], [463 for the class CV(R, .R,) s CV (R, .R,) <cf. 

Definition 1.2.5> and those of Wirths [1593. [1603 for the class 

CCK) = C (K) , ( cf . Def i ni t i on 1.2.7> several other results found 
o 

in the chapter are new. First, the sharp lower bound on y so that 

a function in CV^<Rj,R 2 ). R 2 <00 is convex of order y is obtained. 

Then an integral operator that transforms convex functions of 

bounded a-type into convex functions of bounded type [443 is 

studied. This integral operator is helpful in finding distortion 

bounds for the class CV <R,,R_>. The other results obtained in 

a 1 z 

this chapter for the class CV (R,,R-> are of the following nature: 

Cl i 4 

(i) growth theorem on jf<z>| (ii> bounds on the functional 

j<f(Zj> - f <Z 2 > >/<z^-Z 2 > I for certain distinct Zj.z^ in U and 

Ciii) a rotation theorem when R^ < 00 . Next, necessary and 

sufficient conditions for a function f to be in the class C_<K> 

ct 

are found. The other results for the class C (K) found in this 

a 

chapter include <i> the bounds on the second and third Taylor 
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series coefficients for functions in C (K) and <ii> distortion 

• a 

(sounds . 

A function f analytic in the unit disc U. normalized by 
f(0) = 0, f' (0) = 1 with f<z> ^ 0 in the punctured disc UXCOJ. may 
be expressed as 

(1.8.1) f(z> = V'^g) = z/g<z> in U, 
where 

00 

(1.8.2) g<z) = 1 + r b^z" in U. 

n=l 

For y^g) varying over a certain class of polynomials of degree 
atmost n <n ^ 2). the reciprocal coefficient region is defined in 
Chapter IV. First, the reciprocal coefficient regions of certain 
classes of univalent polynomials are determined in this chapter. 
Further, necessary and sufficient conditions in terms of the 
reciprocal coefficient regions are found for a polynomial i^'<g) to 
be in certain subclasses of starlike functions or convex functions 
or in certain other known subclasses of univalent functions. The 
reciprocal coefficient regions of certain classes of univalent 
polynomials determined in this work are irr^rovements over the 
reciprocal coefficient region found by Silverman and Silvia C139] 
for certain bigger class of univalent polynomials. 

In Chapter V. necessary and sufficient conditions in terms 

of the coefficients b arc determined for the function V'(g> to be 

n 

in certain classes of analytic functions. Necessary and 
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jyfficient conditions in terms of the reciprocal coefficient 
i-tgions for a trinomial to be in certain subclasses of 
ynivalent functions with univalent Gel fond-Leontev derivatives in 
y are determined. The bounds on b^, 1 < n £ 4 are found, when a 
trinomial is univalent and has univalent Gelfond-Leontev 
derivative in U. Necessary as well as sufficient conditions in 

CD 

terms of are determined for the function ^< 9 ) to be in 
•ach one of certain subclasses of starlike functions or spiral like 
functions. Some of the results in this chapter generalize the 
results of Reade et al. [109]. 

In Chapter VI the support points. growth theorems and 
distortion theorems for certain new subclasses of analytic 
functions are determined. Among the new classes considered are 


{i) the class ACn.Mj^l, n = 1,2.5 consisting of 

00 

k 

functions f(z) = z + Z a. z in U with arg a^^ = -arg for 

k=n+l 

00 

a,, 0 and Z aj^ :£ 1 where ,, is a sequence of nonzero 

k=n+l ^ ^ 

complex numbers and <ii) the class A (n,B. ,z >. n = 1,2,5,..., 

O K O 

z real, 0 < |z I < 1, B,^ > 0, consisting of functions with two 

O * O * 1C 


fixed points 0, z . The extreme points of each of the classes 

o 


ACn.Mj^l and A^<n.B|^,z^> are determined. The support points of 
certain subclasses of univalent functions with univalent 


Gelfond-Leontev derivatives in U and the class Afn.Mj^l with 

|Mj^| > k are described. The support points of the class 

* <n,B, ,z ) with B,^ 2: k are also determined. Growth and 

o k O K 
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CONVEX FUNCTIONS AND ROLLING CIRCLES CRITERION 

2.1 In this chapter certain new results are developed for 
Goodman's class CV<Rj .R^) of convex functions of bounded type 
(cf. Definition 1.2.5, C443) and the class CVGCRj.R^) of Styer and 
Wright (cf. Definition 1.2.6, C150]>. These results complement 
the existing results in the literature for the classes CV<Rj,R 2 > 
and CVG(Rj,R 2 >. 

For a function f in the class CVCRj,R 2 >, Goodman [443 
obtained bounds for d and d , where d and d are respectively the 
distances of the nearmost and the farthermost points on df(U) 
from the origin. Thus, he proved 

Rj - Ipf - Rj 


<2.1.1> and the left hand 
1 . Further. 


( 2 . 1 . 1 ) 


- - R, < d < 


and 


( 2 . 1 . 2 ) 


R < 

1 “ 2d-l 


< R, 


where the right hand side inequality in 


side inequality in (2.1.2) hold if Rj 2 
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(2.1.>> d* < + Jr^ - R 2 . 

Styer and Wright [1503 observed that the inequalities <2.1.1) and 

(2.1.3) continue to hold for the class CVGCR^.R^)- The method of 

proof of the inequality (2.1.2) in [44] shows that this inequality 
also holds for the class CVG(Rj,R 2 ) and is sharp. The 

inequalities (2.1.1) and (2.1.2) are necessary conditions on Rj 
and R^ in terms of d = d<f) for a function f to be in the class 
CVG(Rj.R 2 ). However, an analogue of these conditions in terms of 
d is not known. Further, (2.1.3) gives only the upper bound on 

'K' # 

d and a lower bound on d has not been determined so far. 

In this chapter. Section 2.2 is aimed at the determination 
of analogues of the necessary conditions (2.1.1) and (2.1.2) 
involving d in place of d, for the functions in the class 
CVG(Rj,R 2 ). a lower bound on d = d <f) is also obtained in this 
section when f e CVG(Rj,R 2 ). Finally in this section, necessary 
and sufficient conditions are determined for Rj to be equal to 
R^ , if the function f is in the class CVG(Rj,R 2 >. 

For f € CV(Rj,R 2 ), Goodman [44], [46] found that 

(2.1.4) - 2R2''* 
and 

rd<2R -d) 

in the disc jzj * r ^ 1 where d = inf jCj- Both the 

C««f (U) 



inequalities are sharp. His proof shows that the inequality 

(2.1.4) continues to hold for the class CVGCR^.R^) also. 

In [463, Goodman also showed that, if f e CVCRj.R^), 

then 

^2 

(2.1.6) |^<2>| ^ r === 

R^tJr^ - R^ 

for lz| = r « Cr*(d).3) where r*(d) = ZR^iR^-d'> / +6^ •> and 

the inequality is sharp. 

The upper bounds in the inequalities (2.1.4) and <2.1.^> 
involve d. The analogues of these inequalities, involving 

d = sup |C I . in place of d have not yet been found so far for 
Cedf (U) 

the class CV(Rj,R 2 > or CVG(Rj,R 2 >. 

In Section 2.5 analogues of the inequalities (2.1.4) and 

(2.1.5) involving d are found for the class CVG(Rj,R 2 ). An 

analogue of the inequality (2.1.6) for the functions in the class 
CVG(Rj,R 2 ) is also found in this section, wherein the number r (d) 
is replaced by a number r which is independent of d. In the same 
section, a lower bound on |f(z)| is also determined for z in the 
disc Jzj < S 0.545, and functions f in the class CVG(R^,R 2 )- 
Finally, in this section bounds of the functional 
j(f(Zj) - f (z^) >/(z^-Z 2 > j for certain distinct i^ 

f e CVG(Rj,R 2 ) are obtained. 


and 
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For f € CV<R 

<2.1 .7> 

in the disc jz] = 


F 


R 


j.R^). Goodman C46D found that 


|f (z>| < 

1-r^ 

r < 1. The function F , defined by 


<z) = , R > 1. z € U. 

1 - YTTm z 


shows that the inequality (2.1.7) is sharp for each r € (0,1), and 
2 

R = = l/(l-r ). It may also be observed that the inequality 

(2.1.7) is a consequence of (1.2.?) and (1.2.36). 


From the proof of the inequality (2.1.7). it can be observed 
that the inequality continues to hold for the class CVG(Rj .R^) . 
However, an analogue of the inequality (2.1.7) for the class 


CVG<R 2 ,R 2 ) in terms of d* 

= sup jC| 

Ceaf <U) 

i s 

not known. 

In 

Section 2.4, a result in 

this direction 

i s 

found 

for 

the 

class CVG<R 2 .R^) . A lower bound on |f'(z)j 

for 

z in 

the 

disc 

|z| S 5 - Vs and a rotation 

theorem are 

also 

der i ved 

in 

thi s 

section for the functions f 

€ CVG(R2.R2> 

• 

Finally, 

i n 

this 

section, a sharp v such that 

CVG(Rj,R2). R 2 

< OD 

is contained 

1 i n 


CV(p) is found. 


2. S For a function f e CVG(Rj.R 2 ) (cf .Def ini tion 1.2.6), we 
first find some relations between the smallest and the largest 
distances of the inage curve tff<U) from the origin. Let, 
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d = d<f) = inf |C I and d* * d*<f) = sup |C I • 
Cc^f<U) C«^f<U> 

In the following propositions an analogue of the inequality 
(2.1.Z) in terms d* is found. 


Proposition 2.2.1. If f c CVG(Rj,R 2 >. then 

* 2 

<2.2.1) 1 < iiL .. . . - < R 

2d -1 


The inequalities in (2.2.1) are sharp for the function F_ , 

^2 

defined by 


( 2 . 2 . 2 ) 



z 

1 - yi - i/R^ z 


R^ ^ 1 . z € U. 


Proof . Let 


for X € (1/2, ®) . This functi.on is increasing in x if 1 £ x < ®. 

« 

Therefore, for 1 < d < ®, the inequality (2.2.1) follows from 
the inequality (2.1.5). The function G<x) is decreasing in x if 
1/2 < X < 1. Therefore, for 1/2 < d :S d < 1, the inequality 
(2.2.1) follows from (2.1.2) since d £ d . In the case d = ®, 
inequality (2.2.1) follows from Definition 1.2.6. In the 
remaining case 1/2 = d £ d <1. the inequality (2.1.2) gives that 
R^ = ® and thus the inequality (2.2.1) follows. 
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The function F , given 

^2 


by <2. 2.2), is in the class 


CVG<R 2 .R 2 ^ ^ CVGCRj.R^) with d* = 1/(1 - 


so that 


* 2 

(d ^ 

* "2 ’ 

2cl -1 ^ 


which gives the sharpness of the inequality (2.2.1). 

Remark . For f € CVG(Rj,R 2 ). the inequality (2.2.1) gives a better 

lower bound on R^ than that of inequality (2.1.2), if d/(2d-l)£d*. 

There does exist a function in the class CVG(Rj,R 2 ) satisfying 

d/ (2d-l )<d* ; cons i der for exampl e . f ^ (z) =2 log(l-z/2) UV(l,2/yT). 

For the function F„ , given by (2.2.2), d/(2d-l) = d*. 

^2 

Proposition 2.2.2. If f e CVG(Rj,R 2 ) with Rj > 1, then 


( 2 . 2 .?) 


♦ z 

> R 

2d*-i ■ ' 


(2.2.4) 


d* > Rj + - Rj 


The inequalities (2.2.5) and (2.2.4) are sharp when Rj = R^ . 

♦ it it 

Proof . Let d < oo and f(e °) € df(U) be such that d = jf(e 

for some real t . By making a suitable rotation of f. it may be 
o 

ito ^ 

taken that f(e ) = -d . Then the unit exterior normal to df(U> 
it it 

at f(e °> is n(e °) = -1. And by Definition 1.2.6, we have 


D(Rj - d .Rj) S f(U). 



where D(a.R> denotes the disc jz - a| < R. a c C, R > 0. 
Equ i va 1 ent 1 y , 


« f(z> 

where B = (ZR^-d )d*/Rj and A = <Rj-d*)/Rj. This implies 

B < 1 


or 


(d*>^ 

2d*-l 


^ R, 


which is the inequality (2.2.3). When d* 
(2.2.3) follows directly. 


00 , the inequality 


Inequality (2.2.3) gives that 


(d*-<R, 




Rj ) ) 


(d - (R, 


- Rj)) 


> 0 . 


By Definition 1.2.6 we have 


These last two inequalities. together, give the inequality 
(2.2.4) . 

The function F_ , given by (2.2.2) is in the class 
^2 

CVG(R 2 .R 2 > £ CVGCRj.R^) with d = l/(l+a). d* = l/d-a). where 


a = -/T-TTMJ so that 



6B 


and 

d* = + IrI - . 

thereby giving the sharpness of the inequalities C2.2.3) and 
<2.2.4> . 

Corol lary 2.2.1. If f € CVGCR^.R^l. then 

* 2 

<2.2.3) R, < —J— < R . 

^ 2d -1 ^ 

Proof . Proposition 2.2.1 and the inequality <2.2.3), together 
give the corollary. 

Remark . For f e CVG<Rj,R 2 ) with ^2 ~ solving a quadratic 

equation in d , it can be seen that the inequality <2.2.3) gives 

better upper bound for R^ than that given by inequality <2.1.2). 

if and only if, d < d/<2d-l>. There does exist a function in the 
class CVG<Rj,R 2 ) with R^ > 1, satisfying d* < d/<2d-l)! consider, 
for example, fj<z) = e^-1 e CV<l,o&) for 0 < Im z ^ 2n . 

The following result gives a necessary and sufficient 
condition for Rj to be equal to R^. if f € CVG<Rj,R 2 >. 

Theorem 2.2.1 Let f e CVG<Rj,R 2 ) wi th 1 £ Rj £ R^ < ®. Then . 


if and only if 
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(i) d* = - R 2 

( i i ) d + d* = Rj + R^ 

(iii) d = R^ - \rI - 

and 

(iv> f traps U onto a di sc of radius Re- 
proof. Let Rj = R^. Then <i> follows from the inequalities 
<2.1.3) and (2.2.4) . 

The inequality (2.1.1) gives (iii). 

<ii) follows from (i) and (iii). <iv) follows from 
Definition 1.2.6 and the assumption. This completes the proof of 
'only if' part. 

Conversely, let <i). <ii), (iii) and (iv> hold. (i) and 
(iii) together give 

d + d* = 2 R 2 . 

This. together with <ii) gives that Rj = R^ . 

Thus, the proof of the theorem is complete. 

2.3 In this section the properties of the growth of jf(z>| are 
studied when f c CVG(Rj,R 2 ) (cf. Definition 1.2.6). 

Goodman's C443 proof of the inequality (2.1.4) continues to 

hold for the class CVGCR^.R^,) also. However analogues of the 

inequalities (2.1.4) and (2.1.3), involving d = sup jCj. are 

C€«f<U) 
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not known. In this section these analogues are derived. 

This section also consists of an analogue of the inequality 
<2.1.6) for the functions in the class CVGCR^.R^) wherein the 
number r is independent of d. 

In the following proposition, an analogue of the inequality 
(2.1.4) involving d in place of d is found. In Theorem 2.5.1. an 
improvement of this proposition in the unit disc will be obtained. 

Propos i t i on 2.5.1. If f € CVG<Rj,R 2 ) with R^ < <». then 

(2.5.1) ^ *'<^2 1^2 ■ *^*1^ 

in the disc |z| = r i 1. The inequality is sharp for R^ = R^ - 


Proof . From the definition of d , we have that 


f<z)| < d 


in the disc Izl = r < 1. By the triangle inequality. 


|f<z)| < R^ + IR^ - d |. 

Now Schwarz lemma gives the inequality (2.5.1) 


For the function F^ given by (2.2.2), Rj 


R2 * 


d* = R^ + Jr^-R^ 2: «£ 


If <1)| = i 

^2 1 - yi -T/i- 


= d 


= f IR2 - d 
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Thus, the sharpness of the inequality (2,5.1) follows. 

Corol lary 2.5.1. If f « CVGCR^.R^) with d* < R^ < oo. then 

|f(z>| < r< 2 R 2 - d*) 
in the disc |z| = r ^ 1. 

Proof- The inequality in the corollary is straight forward in 
view of the inequality <2. 5.1). 

Remarks (i) Corollary 2.5.1 improves Goodman's [441 result given 
by the inequality (2.1.4). 

(ii> The functions f in the class CVG(Rj,R 2 > satisfying 

d < d < R^ < o> do exist as can be seen from the following 

2 

example. For integer k 2s 2 and 0 < a < 1/k , the binomial 

p ^(z) = z + az’^ € CVG(R, .R,) with R, = (l-ka)^/( l-k^a> . 

, k 1 Z Z 

# 

Further, for p d = 1-a < d - 1+a, so that for k = 2, 

d* < R 2 ^^or 1/8 < a <1/4 and for k > 5, d* < R^ for 0 < a < 1/k^. 

(iii) An analogue of the inequality in Corollary 2.5.1 
involving Rj can also be found. Thus, if f € CVG(Rj.R 2 ) with 
R^ < 00 . then 

(2.5.2) ^ r(Rj + |Rj - d*j> = rd* 

in the disc Jzj = r < 1. This inequality is sharp for Rj = R^. 

the sharpness function being F^ , given by (2.2.2). 

^2 

The upper bound of |f(z>j given by the inequality (2.5.2) is 
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better than that given by the inequality <2. 5.1). 


Theorem 2.5.1. If f c CVGCRj.R^l with 0 < Rj < R^ < od. then 

rd*|2R,-d*| rd*(2R,-d*> 

(2.3.5) 1 |f(z)j < 1 

Rj<l-r> + rd ^2"l^2"‘^*l^ 

where | z | = r , the left hand s i de inegual ity holds i n the disc 
|z| < R_ Se 0,543, where R_ is the least positive root of 

I 1 Q Q — 

Arc sin x + 2 Arc tan x = n/2, 

and the r i ght hand s i de i negual i ty holds i n the disc ] z | S 1 . 
Both the i negual i t i es are sharp for Rj = R^ . 


Proof . 

By making a suitable 

rotat i on 

of 

f we 

may 

obtain 

that 

it 

f (e °> 

- - 1 * 

= -d = - sup 

Kl . 

, for some 

t 

real . 

We have the 

unit 

exterior 

Cedf (U) 

normal to df<U) 

at 

it 

f(e °). 

o 

n(e 

it 

°) 

= -1 . 

Now, 

by 


Definition 1.2.6. we get that 


or 


f<U) £ D<R2 - d*. R^) 


f ( z ) « 


Bz 

1 -Az 


where B = d*(2R2-d*>/R2 and A = <R 2 -d*)/R 2 . 


The inverse of the function g<z> = Bz/(1-Az> is 
h<z)= z/<Az+B> and the function j(z> = (hofXz) satisfies the 
conditions of Schwarz lemma. So 


|f(z)| < r<jAf(z>| + B> 



in the disc |zj 


r £ 1. This implies that 


(2.5.4) I f (z) I £ — — — . 

l-rlA| 

By substituting the values of A and B in this, the right hand side 
inequality of (2.3.5) is obtained. 

Now, to prove the left hand side inequality in (2.5,5), we 
apply Definition 1,2.6 and obtain 

« f(z) 

1-A z 

where B* = d*(2Rj-d*)/Rj and A* = (Rj-d*)/Rj. 

Further . 


B*z 


„*i 

B r 


1-A*z l+|A*|r 


rd*j 2Rj-d*j 


Rj+(d -Rj)r 


in the disc |z| = r < 1 . 


Hence, by relation (1.5.2) we have that 


rd*|2R -d*j g* 

^ £ |f(z)| 


Rj(l-r)+rd 


1-A*z 


in the disc |z| < R , where R is as in the statement of the 
1 I o o 

theorem. This gives the left hand side inequality of (2.3.3). 


The function F_ , given by <2.2.2), is in the class 

^2 



74 


CVG(R 2 tR 2 > S CVGCRj.R^). For this function, d* 
that 


rd*<2R2-d*> ^ 

viv^ ’ ^ 



for r € CO.l) in U and 


l/<l-a> ^ R 2 so 


rd*|2R^-d*| _ ^ 

Rj<l-r)+rd* 



for r € [0,R^>, where a = Yl-l/R^ and thus equality is attained in 
inequality (2.5.?), 


RerTtarks . (i) For f € CVG{Rj,R 2 ) with R^ < ® and r = 1. the upper 
bound of |f<z)j in the inequality <2,5.3) and that given by the 
inequality <2.5.1) are equal. For r < 1, the upper bound given 
by the inequality <2.3,3) is better than that given by the 
inequality <2.3.1). 


<ii) From the proof of Theorem 2.5.1, it can be observed 
that inequality <2.3,3) with d replaced by d everywhere. 


continues to remain true and sharp, i.e,, if f 
0 < Rj < R 2 < ®. then 


CVG<Rj .R^) 


wi th 


<2.5.5) 


rd|ZRj-d| 
Rj+lRj-djr 


< f <z) I < 


rd<2R2-d) 


where JzJ = r, the left hand side inequality holds in the disc 

Izj < R , where is as in Theorem 2.3.1 and the right hand side 

••00 

inequality holds in the disc {z} S 1. 
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The function 


g i ven 

by 

(2.2.2) . 

is in the 

class 

CVG<R2.R2> 2 CVG<Rj 

.R2>. 

For 

this 

function 

d = l/(l+a) < 

R 2 so 


that 

rcKZR^-d) 

^ 2 <l-r> + rd ' 

for r « CO.l) and 

rd|ERj-d| ,, _ 

Rj + IRj-dIr ■ TTJF - 

for r e C0,R^>, where a = Yl-l/R^ and thus equality is attained in 
the inequality <2.3.5>. 

< i i i ) Let 

x<2R«-x> 

Q(r.R .X) = . 

Rj-lRj-xIr 

* 

It can be seen that for re Er ,1), the function Q(r,R 2 ,x> is 
decreasing in x for x < R^ and hence the upper bound of |f<z)j in 
the inequality (2.5.3> is better than that in the inequality 
(2.3.5), for R 2 ^ d* where 

, zJr^ - Rj 

^ * 2R2-I 

(iv) Let 

xj2R.-xj 

P<r,R.,x> = . 

1^1 
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It can be seen that for r e CO.R ) and R as in Theorem 2.5.1, the 

o o 

function P(r.Rj,x) is decreasing in x for x c [Rj.ZRjl and hence 

the lower bound of |f(z>| in the inequality (2.3.5) is better than 

that in the inequlity (2.3.5) for R^ < d S d* < ZR^ ; the last 
inequality does hold for the function 

,(z) = z + az’ « CVG( (l+3a)^/(l+9a) .R,) . 

oL « / a 

where, 0 < a ^ 1/15. 

(v) For f e ^^(Rj.R^) with Rj < R^ . strict inequality 

holds in the right hand side inequality of (2.5.3), because, 

when equality holds, the inequality (2.5.4) gives that 


where , 


f (z) 


Cz 

1-Dz 


* it' # 

e‘^ d (2R«-d ) e (R»-d ) 

C = ^ 1 and D = ^ 


t' real, so that f has Rj = R^. 

For f e CVG(Rj.R 2 ), the 
inequality (2.5.5) (or (2.5.5>) 
following theorem gives an 
independent of both d and d • 


upper 

bound 

Of 

1 f (z) 1 in 

the 

is dependent 

on 

d* (or d) . 

The 

upper 

bound 

of 

|f(z)j that 

is 



77 


Theorem 2.5.2. J_f f c CVGfR^.R^) wi th 1 ^ ~ ^2 ^ ** 


r(4R,-l> rR 

(2.5.6) i(2R, + <2R. -1 >r) “ - , -.— 

R2-r4R^-R2 

where . the left hand s i de inegual i ty holds for jz| =r€CO.R^), 
R^ being as i n Theorem 2.5.1 and the right hand side inequal ity 
holds for r « Cr*.13; r* = 2 Jr^ - R^ right hand 

s i de i nequal i ty in (2.5.6) j_s sharp for Rj “ ^2 • 


Proof . Set, 


□(r.R^.d) 


d(2R2-d> 

Fr^TT^TT+rd 


Then, r Q(r,R 2 td) is the upper bound of |f(z)| in the inequality 
(2.5.5). Let 


♦ 


r 


2 Jr^ - R 2 

tk^-1 


For r « [r ,13, the function rQ(r,R 2 td) is decreasing in d. By 
the inequality (2.1.1), we have 


d > R^ - 4 r2 - R 2 • 

♦ r~i 

Hence, for re Cr ,13, we may replace d by R^ - 4 R 2 " ^2 

rQ(r,R 2 ,d> and obtain the right hand side inequality in (2.5.6) 
from the inequality (2.5.5). 

Next, we prove the left hand side inequality of (2.5.6). The 
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lower bound of |f(z)| in the inequality <2.5.5> is an increasing 
function in d for d « CR^ - t Rj - Rj ] . Hence we 
may replace d by R^ - - R^ in the left hand side inequality of 
(2.5.5) and obtain for z in the disc jzj < R , 


f<z>| ^ 


rfR^ - i 


R2-R2X2RJ-R2 




2 «2' 


Rj + <R2-R2 + 


>r 


The right hand expression in this inequality is a decreasing 
function of R^ and its limit as R^ tends to 00 is 
r<4Rj-l )/2<2Rj+(2Rj-l )r) . Hence, the left hand side inequality of 
(2.5.6) follows from the last inequality. 


The function F_ . given by (2.2.2), is in the class 
^2 

CVG(R 2 .R 2 > £ CVG(Rj,R 2 ) and 



R 


2 


-r 



R 


2 


* 

for r « Cr ,13, which gives the sharpness in the right hand side 
inequality of (2.5.6). 


Remarks . (i) For f « CVG(R 2 .R 2 >* the upper bound of jf(z)( in 
the inequality (2.5.6) is better than that in the inequality 
(2.5.1). Indeed, for the function 


Q*(r.R2> = 


rR. 


Rz-r i 
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we have, 

Q (r.R^) ^ ■■■ 

R^- ^R^ - 

= r<R2 + \rI - np 
= rCR^ + IR^ - d*|) 

It ')(> 

by Theorem 2.2.1, for re Cr ,13 where r is as in Theorem 2.5.2. 

(ii> If f c CV<Rj.R 2 > and equality holds in the upper 
inequality of<2.3.6>, then as in Remark <v) following Proof of 
Theorem 2.5.1, we obtain that R^ = R^ . Hence strict inequality 
holds in the upper inequality of (2.3.6) when Rj < R^ . 

(iii) The right hand side inequality in (2.3.6) holds 

for any Rj , 0 S Rj ^ R^ < ® and the left hand side inequality in 

(2.3.6) holds for any R^ with 1 < Rj < R^ ^ ®. 

(iv) While proving the lower bound on jf(z)} in the 

inequality (2.3.6), we obtained that for f € CVG(Rj.R 2 ). 

1 < Rj < R^ < ®. for z in the disc jzj < R^, 

r(R, - 4 rJ-R,)(2R,-R, + JrJ-R,) 
lf(z)| > — ^ ^ . 

Rl + (Rj-R^ + Jr^-R^ >r 

where, R is as in Theorem 2.3.1. For R. = R~ . the lower bound in 
o i c 

this inequality is same as that in (1.2.42) found by 

Ma et al .CTll. 
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f(Zj) - fiz^y 

Next an upper bound of the functional 1 1 

found when f c CVGCR^.R^) for certain Zj.r^ « U, jzjl < |z 2 |- 


i s 


Theorem 2.5.5. XI ^ * CVGCRj.R^). then 

f<z,) - f<z.) R- Cl+|z I >(l-|z I ) 

<2.5.7> 1 i- — ^1 < In 

1 2 ZCjz^l - |zjl) (l-lz^lXl + lzjl) 

for z^,z^ XO Izjl < jz^l such that |zj e i ther increases or 
decreases on the I i ne segment joining Zj and z^ . 


Proof. We employ the integral method of Bieberbach C12] to 

derive the inequality <2. 5.7). Let LCz^.z^) be the segment z=z<s>, 

0 i s ^ s' in U, z<0) = Zj , z<s') = z^ joining the points Zj and 

z^ in U, |Zj| < Iz^j. such that jz(s>| either increases or 

decreases on L<Zj.Z 2 > and "(z^.z^) be its length, where s is the 

arc length. Let L<Zj,Z 2 ,f> be the image of LCZj.z^) under f(z> 

and "T(Zj,Z 2 .f> be its length. Thus, 

s ' 

L<Zj,Z 2 .f> =/ Jz'(s>|ds 

o 

s’ 

= / !^' <z) I jdz| 

o 

s’ R. 

(2.5.8) ‘T<z,,z,,f) S / jr jdzl 

' ^ o l-|z|^ 

by the inequality (2.1.7). Further. |z(s)j being increasing as s 
traverses from 0 to s’, we have. 
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by the inequality (2.5.9). This gives the required inequality. 

Remark . For f e CVG<Rj,R 2 > with R^ < ®, the upper bound of jf(z>| 

obtained from the inequality (2.5.7) is better than Goodman's 

inequality (2.1.4) in the annulus 0 < jz| i (e^-1 )/(e^+l ) . 

In fact, for these special z. and d = min |C|. 

C€df(U) 

lf(z)| < Rj < ZRj - d. 



8Z 


Jheorem 2.5.4. 

(2.5.10> 


Li « CVG(Rj,R 2 >. R 2 < CD, then 


f(2j) - 


( 1 +a I 2 j I > < 1 +a I 2 ^ I > 


for 2 j.Z 2 € U, I Zj J < 1^2!' Further . i f |z| either increases or 
decreases on the I ine segment joining Zj , z^; l^jj < 12^2} < 1 . 
then 


f ( 2 , > - f (Zy ) 
<2.5.11) I L ^ 


^l‘^2 




( 1 -ajZj I Xl-aizgl ) 


, \z^\ < r <a) 


, UCr^.a) 

^ — — In 777 — — , r(a> < |z, 

r„-r, U<r, ,a> '1 


2 *1 


1 


where 




r<a> = 2/<l+y$-4a> and a = VI - 1 /R 2 • ineguai ities <2.5.10) 
for Zj.z^ € U and <2.5.11) for Zj.z^ ijn the disc jzj < r<a> are 
sharp. 

Proof . Let ZjtZ^ be in U such that jzj| < jz^j. Choose the curve 
L<Zj.Z 2 > = z = z<s>, 0 < 8 < s’. Zj = z<0), z^ » z<s’) in such a 
way that the image LCz^.z^.f) of Lfz^.z^) under f(z> is the line 
segment joining f<Zj) with f<Z 2 >. It is enough to assume that 
r* <s> = |z<s>j' > 0 in the interval |z. | < s S l^^l * Let~X<Zj, 22 > 



8 ? 


*nd ”T(Zj. 22 .f) be the lengths of LCz^.z^) and L<Zj,Z 2 .f> 
respectively. Thus 

s * s’ 

TCZj.Z^.f) = / lf'<2>| |z'<5)|ds=/ |f'<z)] jd2|. 

o o 

Let ^(|z|> = l/<l+a|z[>^ where a = VT^^TTW^. It follows from 
the lower distortion bound in (1.2.44) for CVGCRj.R^) that 

s’ 

'T(.z^,z^,fy > f ^<j 2 |> |dzj 
o 


Liz^,z^> 




^( |zj ) d|z 


= L<z .z ) i 

( 1 +a I Zj ] ) < 1 +a I z^ I ) 


which gives. 

f<z,>-f<z,) ~T(z,,z-,f) , 

[ i £_| > i t > i . 

^l"^2 “(Zj.z^) (l+a|Zj| Xl+alz^l ) 


Thus, the inequality <2.5.10) is proved. 


The proof of the inequality (2.3.11) is similar to that of 

the inequality (2.5.7) except that the upper distortion bounds in 

(1.2.44), (1.2.45) have to be used in place of <2.1.7). Details 

of proof are omitted. The function F_ . given by (2.2.2) gives 

^2 

sharpness for (2.3.10) in the disc U and for (2.5.11) in the disc 
Jzj < 2/(1 + y5-4a) , a = Yl-l/ft^* 
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Remarks 

(i) For f € CVG(Rj,R 2 >, R^ < 

o>, the upper 

bound 

on 

l(f(Zi) 

- f(Z2)>/(Zj-Z2)| 

in (2.3.11) 

is better 

than that 

i n 

(2.3.7) 

for Zj . ^2 in the 

disc |z| S 2/(1 + y3-4a) 

as well as 

i n 

the annulus 2/(1 + y5-4a> 

< 1^1 < 1- 

with 1 ! 

< 1 

z^l where 

a = 

l/R^ and \z\ either increases or 

decreases 

on 

the 

1 i ne 

segment 

joining Zj .z^ . 







( i i ) For f 

€ CVG(Rj.R2) 

the upper 

bound 

on 


- f (.z^yy/iz^ - z^ 

)| in (2.3. 

11) is better 

than 

the 

corresponding bound in 

(1.2.13) for 


i n 

the 

di sc 

1^ ^ 

2/(1 + y3-4a) , a = 

yi-l/R^. with 

l^il < IZ 2 I 

and 

such 

that 


jz| either increases or decreases on the line segment joining Zj 
and z^. For z^.z^, e U, [zjl < jz^) the lower bound in (2.3.10) 
is better than that in (1.2.13). 

(iii) By choosing Zj = 0. the inequalities (2. 3. 10). 
(2.3.11) give lower growth bound in U and upper growth bound in 
the disc |z| < 2/(1 + y3-4a) . a = •/! -1 /R^ tor f € CVG(Rj,R 2 >. 
R^ < 00. These growth bounds were found earlier by Ma et al , C71] 
for CV(Rj,R 2 > <cf. (1.2.42)) and continue to hold for CVG(Rj.R 2 ) 
in view of Lemma 2.4.1. 

2.4 In this section distortion and rotation theorems for the 
class CVG(Rj.R 2 ) are found. We also prove in this section that 
CVGfRj.R^). < 00 is contained in CV(j') for y = 2R2*1“2 ^R^-R^ 
and the number y is the largest possible such a number. 

An analogue of the inequality (2.1.7) in terms of 



Jj* «= sup |C I for functions f in the class CV(R,.R„> or 
C««f<U> 1 2 

CVG(R 2 >R 2 ^ is not known. The following is a result in this 

direction: 


Jheorem 2.4.1. H f e CVGCR^.R^) with 0 < R^ < R^ < oo. then 


(2.4.1) 


(Rj (l-r>+rd*)^ 


< i f' (z) I < 


R2d*(2R2-cl*> 

(R2-|R2-d*|r>‘ 


i n the disc | z | = r ^ 3 - VS = 0.171, The i negual i t i es are sharp 
for Rj “ f^2‘ 


Proof • As in the proof of Theorem 2.5.1, we obtain 


where, B = 
inequal i ty 


d*<2R2 

(1.3.5) 


f<z) « 

- d*)/R2 
together 


Bz 

1-Az 
and A 
give 


(R^ - d*)/R2. 


This and the 


f' (z) I < 


B 


<1 - jA|r) 

in the disc jz| = r S 5 - VB , By substituting the values of A and 
B in this inequality, the right hand side inequality of (2.4.1) 
is obtained. 


as 


in 


To prove the left hand side inequality of (2.4.1), 
the proof of Theorem 2.3.1, 


we have , 


« f(z) 
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where. B* = d*(2Rj - d*>/Rj and A = (Rj - d*>/Rj . Therefore, by 
the inequality (3,5,>), 


|f'(2)l £ I 


B 




R,d*|2R, - cJ*| 

> _i 1 

(Rj<l-r) + rd*)^ 

in the disc |z| = r S 3 - YB , which is the left hand side of the 
inequality (2.4.1>. 

For the functin F_ , given 

"2 

d* = l/<l-a> so that 

R2d*<2R2 - d*> 

(R 2 -IR 2 - d*lr>^ 

and 

RjCl*|2Rj - d*| 

# 2 ” 

<RjU-r> + rd ) 

where, a = Vl-l/R^ so that equality is attained in the inequality 
<2.4.1). 

Remarks <i) For f € CVGCRj.R^). the upper bound of jf'(z>| in 
the inequality <2.4.1) is better than that in Goodman's 
inequality <2.1.7). The sharp function given in the proof of 
Theorem 2.4.1 is independent of the point under consideration 


by <2.2.2). 


= R. 


and 


<l-ar) 2 


“ I'r 

<l+ar) 2 
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whereas the function used for the inequality (2.1.7) is dependent 
on the point. 

(ii) From the proof of Theorem 2.4.1, it can be seen that 

♦ 

the inequality (2.4.1) continues to remain true with d replaced 
by d everywhere, i.e.. for f € CVG<Rj.R 2 > with 0 < Rj ^ R 2 ^ we 
have that 

R,d|2R. - d| R,d<2R--d) 

(2.4.2) — lf'(z)| < = = j 

(R^ + |Rj-djr) (R^d-r) + rd) 

in the disc |z| = r < 5 - Vf. 

(iii) For f € CVG(Rj,R 2 > with d* < R^ ^ 1/(12 YZ - 16) 

and r such that -jR^ ~ / ^2 “ ^ ^ ~ upper bound of 

|f'(z)| in the inequality (2.4,1) is better than that in the 
inequality (2.4.2). 

(iv) For f € CVG(R 2 .R 2 ^ with R^ < 00 . the lower bounds of 
Jf'(z)| in the inequalities (2,4.1) and (2.4.2) are equal by 
Theorem 2.2.1. Similarly, the upper bounds of Jf'(z)| are also 
equal in this case. 

(v) For f € CVG(Rj,R 2 ) with R^ < d < d* < 2Rj . the lower 
bound of |f'(z)| in the inequality (2,4.2) is better than that in 
the inequality (2.4,1). 

(vi) For Rj > 1 and z in the disc jz| < T - VS. the 
lower bound in (2.4.1) is smaller than that in (1.2.44) found by 
Ma et al , C71 3 . 
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(vii> For Rj = , the lower bound in (2.4.1> and that 
in (1.2.44) found by Ma et al. [71] are the same. Similarly, the 
upper bound in (2.4.1) and that in (1.2.44) found by Ma et ai . 
[71] are the same. 

(viii) For z = 0, the upper bound in (2,4.2) and that in 
(1.2.46) found earlier by Mejia and Minda [78] are same. For 
Rj = R^ and z = 0. the upper bounds in (2.4.1) and (1.2.46) are 
same . 


Theorem 2.4.2. H f e CVG(Rj.R 2 ), 0 < R^ < R^ < cd. then 


(2.4.5) 


Rjd*| 2Rj-d* 


(R 


j-(Rj-d ) Iz^l )(Rj-(Rj-cl )lrj|) 


f (Zj)-f (z^) 


R2d*(2R2-d*) 


(R2-lR2-d I Iz^]) (R2-|R2-d } jzj|> 


for z j , z^ in the disc | z | S 5 - -/ 8 . 1 z^ | < | z^ | . where the upper 
bound holds for Zj , z^ such that |z| e i ther increases or decreases 
on the 1 i ne segment joining Zj and z^ . The inegual i ty i s sharp. 

Proof . The proof of the inequality (2,4,5) is similar to that of 
(2.5.10). (2.5.11) except that the distortion bounds in (2.4.1) in 
place of (1.2.44), (1.2.45) have to be used. The function F_ . 


defined by (2.2.2), gives sharpness. 


Remarks. (i> For the sharp function F^ . 

^2 

corresponding bounds in (2.5-10). 


given by (2.2.2) . 


the 


(2.5.11) and (2.4.5) become 



identical in the disc |zj < 3 - . 
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(ii) It is observed in view of <2.4.2> that the 
statement of Theorem 2.4.2 with d replaced by d throughout 
continues to hold. Thus, if f c CVG(Rj.R 2 >. 0 < Rj < R^, < ®. then 
for distinct in the disc |z| < 3 - VS. jZjj < | z^. | . 


(2.4.4) 


Rjd| 2Rj-dj 

(Rj+|Rj-dl jz^lXRi + lRj-dl jzj) 


f<Zj> - f<Z2) 


R^dUR^-dy 


(R2-(R2-d> 1 ^ 

where |zj either increases or decreases on the line segment 
joining Zj and z^. 


(iii) For d < R^ < 1/(12 -/Z - 16) and r such that 

r? 

|Rf - R0/R9 < r £ 3 - VB , the upper bound of I ■ -3- 1 in 


(2.4.3) is better than that in (2.4.4) for z^.z^ described there 


For Rj = R^ . the upper bounds in (2.3.11), (2.4.3), (2.4.4) 

are the same for Zj.z^ in the disc |zj S3- VB . Similarly, the 
lower bounds in ( 2 • 3 . 1 0) , ( 2 . 4 . 3 ) . (2.4.4) are the same for 
in |z| < 3 - ye. 

•n- 

For Rj < d < d < 2Rj , the lower bound in (2.4.4) is better 
than that in (2.4.3). 

Next, a rotation theorem for the class CVG(Rj,R 2 ) is proved. 

The following observation is due to Styer and Wright C1503. 
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Lemma 2.4.1. For 1 < ^ oo, the classes CVG<0,R2> and CVCO.R^) 

are i dent teal. 

Proof . It is proved in [1503 that CV< 0 .R 2 > £ CVGCO.R^). 

Conversely, let f c CVG<0,R2). Consider 1 < R^ < ®. Let a.b 

belong to f<U). The domain f(Ll> being convex (cf. Section 1.2>, 
there exist u.v € f<U> such that u.v.a.b are distinct and that the 
intervals [a.b] £ Cu,v3 £ f (U) . By a necessary condition for 
f € CVGCO.R^). <cf. Section 1.2, C1503) we obtain that there exist 
a^.bj c f<U) such that ^^2’ points 

u.v € ECSj.bjjR^) s Aj n £ f(LJ> where A^ . A^ are open discs of 

radius R^. Thus, a.b « A^ , i = 1,2 and A. being l/R^-convex, by 

definition it follows that E(a,b;R 2 > £ A^ i = 1.2. Hence 

E<a.b;R 2 > S f<U). Now the relation <1.2. 56) gives that f is 

in CV(0.R2>. The case R^ = ® i s easily handled (cf. Section 1.2, 

C1503). Thus, the lemma is proved. 

Theorem 2.4.5. Lf f € CVGCR^.R^l with R^ < w. then 

(2.4.5) |arg f'(z)| < / D(Rj.R 2 .P.d > dip 

o 

in the disc jzj = r £ 5 - VS, where 

zj (c(l-p)+pt>^b - (l-p^>ctj2c-t| 

(l-p^> yS Cc<l-p>+pt3 


(2.4.6) 


D(c.b.p,t) 
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Proof. Let f « C^GiR^.R^y. Using Lemma 2.4.1. we have 
f « CVGCR^.R^) £ CVG<0.R2> " CK/<.0.R^'>. Further 

f € CVCO.R^) £ Kd/R^.l). 

By the inequality <1.2.57). for a « U. we have 


{Z.A.7) 


f"<a><l- al^) 
2f' <a) 


l~ (a>| 

- aj < ^ 1 - . 


Multiplying (2.4.7) by 2 j a | /< 1 - | a | ^ ) . and using the 
distortion bound in (2.4.1) we obtain. 


,af"(a) 
' f' (a) 


2|a} 


1-laj 


^ 2|a} I <l-|a| 

_ ^ 2 _ 


1 ower 


Rjd j2Rj-d 


1- a 


(Rj (1- jaj > + |a| d*)^ 


for a in the disc Jz| < 5 - Yb . Replacing |aj by p in the above 
inequality, we get 

-pDCRj.R^.p.d*) < (5^^ - 2eL> < pO<Rj,R P.d*) 

1-p 

Where D(c.b.p.t) is as in (2.4.6). Thus 


(2.4.8) 


since. 


-D<Rj .R^.p.d*) < ^ arg f* (a) < D<Rj .R^ .p. d*) , 


Im ( 


af"(a) 2p‘ , 
“FTi> ■ 

1-p 



arg f' (a) . 


integrating the terms in the inequality (2.4.8) along the 
Straight line path a = 0 to a = re‘®. the required inequality 
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(2.4.5> foil ows . 


Rernarks . (i) Using the lower distortion bound in <1.2.44) in 
place of (2.4.1), the proof of Theorem 2.4.5 gives that for f in 
CVG(Rj.R 2 >. R^ < ®. and z € U, 


(2.4.9) 


|arg f' (z) | < In 


(1+Ar) 

1-r^ 


where, |z| = r and A = yi -1 /R^ . This was obtained earlier by 
Wirths in [158]. 


For z in a neighbourhood of the origin, the bound in (2.4.5) 
is better than that in (2.4.9) when f € CVG(Rj,R 2 >, R^ > 2Rj > d* 
and R^ > 4/5. 

<ii) Using the lower bound in (2.4.2) in place of 
(2.4.1) in the proof of Theorem 2.4.5. we obtain that if f is 
in CVG(Rj,R 2 ). Rg < ®. then for z in the disc |zj < 5 - YB, 

r 

(2.4.10) |arg f'<z>| < / E(Rj,R 2 .P,d) dp 

o 

2 J(a + |a-t|p)^b - <l-p^)at |2a-t| 

where E(a,b,p,t) = = x . 

(1-p ) YB <a+(a-tjp) 

The bound in (2.4.10) is better than that in (2.4.5) when 
f € CVG(Rj.R 2 >. with Rj < d < d* < 2Rj . 

For f € CVG(R 2 .R 2 ). the bounds in (2.4.5), (2-4.9) and 


(2.4.10) are equal. 
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The following theorem gives bounds on the curvature 
k<f;z>. when f « CVG<Rj .R^) .R^ < oo. 


Theorem 2.4.4. H f e CVGCRj.R^), 1 < R^ < oo. then , for [ 


2 = r. 




l-r‘ 


1+ar' 


1-r 


1 +ar 


where . the upper inegual itv holds for z e UXCOJ and the lower 
inequal i ty holds in the annulus 0 < |z| < 2/(1 + y5-4a> . 

Further . for z ^ the annulus |z| > 2/<l + y5-4a> , 


k<f;z> > <l-a) (2+(l-a)r) <1 + r^ - 2r ) 

1+ar 


where, a = -/l-l/R^ . 


Proof . From <2.4.7), we have for z e U, 


zf"<z) 2r" , ^ 2r 


f' (z> , 2 

1 -r 


1-r 


^1 - 


<l-r > I f' <z) 


R, 


z =r , 


By the distortion bounds (1.2.44) for CVGCO.R^). we have 


zf"<z) 2r‘ 


f' <z) , 21 

1-r 


< ^.1 - 

— O T * 




(l-r^> 

R^<l+ar)^ 


where, a = Yl-l/R^ . Thus, 


<2.4.11) 


^ <l+r^ - 2r<|i^)) < Red + 


1-r 


1+ar 


f' (z) 


i — Kr <l+r^ + 2r <^i£_)) 


l-r‘ 


' 1+ar' 
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Now the assertion of the theorem follows by combining (2.4,11) 
and the distortion bounds in (1,2.44), (1.2.45) for CVG(0,R^). 

Finally, for functions f in CVG(Rj.R 2 >. R^ < oo. a number y 
is obtained such that f is convex of order y . 


Theorem 2.4.5. if f e CVG(Rj.R 2 ). < ». then f e CV( ( 1 -A) / ( 1 +A> ) 
where A = Vl -1 /R^ . The result i s sharp . 


Proof . Let f e CVG(Rj,R 2 )t R 2 < 00 . Without loss of generality 


[44] we may assume 

that f(z) 

i s 

analyt i c 

in 0. 

S i nee f i s 

in CVG(Rj,R 2 ) £ 

CVG(0,R2) 

= 

CV(0,R2> . 

by Lemma 

2.4,1 and 

CV(0,R2) £ Cd/R^) 

it follows 

from (1.2.54) 

that for z 

€ U\C0>. 

k(f 

;2> > . 





equivalently , 






Re 



jzf' (z> 1 



^ f'(z)^ 


«2 ■ 




Thus, the lower distortion bound in (1.2.44) for f e CV(0.R2> 
gives that for z € U\{0), 


Red + 


zf"(z) 
f' (z> 


> > 


hi 


R^d+Ajzl)^ R^d+A)^ 


Hence, on |zj = 1, 


zf"(z> 
f' (z) 


> i 


1 

R^d+A)^ 


Re d + 
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1-A 
" 1+A 

where, A = Vl-l/R^ . Thus, it follows that f € CV( ( 1 -A) / < 1 +A) > . 
The function € CVG<Rj,R 2 ), 1 S < ®, 0 £ R^ < R^ < oo, where 

F„ is given by (2.2.2), shows that the number <1-A>/(1+A). can 
^2 

not be replaced by a larger number in the result where 
A = 

Remark . In [44], Goodman conjectured that if f e CV(Rj,R 2 ).R 2 < 
then f e CV(j^) where y = ZR^ - 1 - Z Jr^ ~ R 2 and y is the largest 
possible such a number. Theorem 2.4.5 solves an analogous problem 
for CVGCRj.R^), R^ < ® with the same y = <1-A>/(1+A), where 

A = Yl-l/R^. 



CHAPTER III 


CONVEX FUNCTIONS OF BOUNDED a-TVPE 


3.1 In this chapter we introduce the notion of a-curvature for 

functions analytic and locally univalent in the unit disc U and 

find distortion bounds, bounds on the second and third Taylor 

series coefficients, a sharp r such that Re <1 + zf"<z>/f' (z> ) > r 

in U etc., for functions in the resulting classes CV (R, ,R ) and 

01 1 2 

C <K). 

a 

We have the following definitions : 


Definition 5.1.1. Let f e >4 be locally univalent in U and a < 1, 
The g-curvature . k^Cz) of f(|z| = r) at the point fCz) is defined 
as 


(5.1.1) 

where . z 


(z> = ReCl zf"(z)/(l-a)f' (z>) 


|z| |f'(z)| 


l/d-g) 


re 


i© 


and 0 < r < 1 . 


It follows that 


k <z) 
g 


|g/( l-g> ^ 

I <<dT/dt) - g> 

(l-gXds/dt)^^^^""^ 


where s is the arc length on f(jzj = r) and t is the argument of 
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the tangent to 'f ^ [ z | = r) at the point f<z>. 

We call the reciprocal p (z> = 1/k (z>. of k <z> to be the 

a a cx 

radius of a-curvature of f<jz| = r) at the point f(z). a < 1, 

When stress is needed on the function, we denote k <z> and p (z) 

a ’^a 

and p^(f;z) respectively. The 0-curvature and radius 
of O-curvature of f(|z| = r> at the point f(z> coincide with the 
usual notion of curvature k(z> and radius of curvature p<z). 

The function 


<5.1.2) I <z> = 

Ck 


l-<l-az> 


Za-l 


a<Za-l ) 


1 , 1 
a — 


1 -az 


a 1/2 


a = 1/2 


0 < a < 1 has the a-curvature k <z) 

a 

0 < a <1 . 


1 



for 


every a 


i n 


The function 

<5.1.5) = z - az^ 

0 ^ a < 1/2, has the a-curvature 


k <z) 
a 


l-q-2 < 5-2q)ar cos 9 t 
<l-a)r<l-4ar cos ©+4a^r^ 


2 2 

4<2-a)a^r 

j<5-2a)/<2<l-a)) 


for z = re 


id 


and a < 


1 . 


Now. we introduce a subclass CV <R,,R-) of S as follows: 

Ck I c 
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For f c S. let 


(5.1.4) p (.a, t} ~ min p(f;z) ; 

!zl=r “ 


p <a,r> = max p^Cf;z), 
Izl=r " 


(5.1.5) R (a) = 1 im inf p (a.r) ; 

"W IT 

r.^1 


# -K- 

R (a) = lim sup p (a,r) 
r->l 


for 0 < a < 1 . 

The function liz> in (5.1.2) has p_ (a, r)=p*(a, r>=r/( 1-a^r^) 

Ot w- ^ r- 

and = R*(ot) = l/(l-a^). 


The function p (z> in (5.1.5) has 

3L 


- X /T / 2 2.1/2(l-a) 

p^(a,r) = r(l-4a r ) 


p (a.r) = max (1/k (r). 1/k (-r)). 

a ot 

„ . , . 2.1/(2(l-a>> 

R^(a) = (l-4a ) 

R*(a) = (1-a) (l-2a>^^'^®^^^^'“^/(l-a-2(5-2a)a + 4(2-a)a^). 


where 0 < a < (1-a)/ (2(2-a)). 0 < a < 1 


Def i n i t i on 5.1.2. A function f € S is said to be in the class 

CV (R, .R,). 0 < a<l .if R, s R, (a) < R^(a) and R*(a) < R,(a) s R, 
al2 11 * 2 2 

•e 

where. R^(a). R (a) are as in (5.1.5) and Rj s^re fixed in CO.oo] 
such that Rj < R^ . 

We have CV (R, .R-) = CV(R, .R.) (cf. Section 1.2). The class 

O i Z i 4 

of functions for which Rj = ^2 ~ ^ denoted by 

(R,,R-). For example, the function I (z) in (5.1.2) is in the 
a 1 2 a 
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class Cv^(l/(l-a^) . l/<l-a^>> when 0 < a < l. The function 

2 

p^<z>= 2 -az , 0 < a < (l-a)/(2(2-a> ) is in the class *^2 ^ * 

where = ^^(a.a) = ( 1 -4a^ > ^ ^ ^ and 


/?2 ss 


l-a-2(5-2a)a+4(2-a)a^ 


For R* = R*<a) < R^ and R^ ^ R 2 <«> = R*. we note that the 
class CV^<R 2 .R 2 > contained in the class CV^(R*.R*>. The 

function l^<2> in (3.1,2) shows that, for R^ > 1, 

CV^(Rj.R2> ^ CV^CRj.R^) if R* < Rj < R^. 

CV^<R, .R,) c CV (R. .rT) if R < R, < R* 

a 1 z ^ a I Z 1Z2 

We have U CV <R ,R ) = CV<a) <cf. Section 1.2). 

0<Rj<R2^ 0 14 

Also, CV <R,,R-) £ CV<o,oo>. For R„ < oo, CV Cqd.oo) is not contained 

in CV<Rj,R 2 > since the former class contains unbounded function 

I <z) given by (3.1.2) with a = 1, and the functions in the latter 
01 

class are bounded. 


Definition 3.1.3. A function f e CV (R. .R..) with 0 < R. :S R. < 00 . 

01 1 2 12 

0<a<l, is called a convex funct i on of bounded a- type . 

It will be seen in Section 3.2 that f € CV (R, .R.,), if and 
z a 1 2 

only if . g(z) E / (f' (T))^'"^^"®^ dr € CV(R^ .R^). for 0 < a < 1 , 

o 


R^ < oo. 
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We also investigate the class C^<K) , defined below, that 
reduces to the Wirths' class C<K> <cf. Section 1.2), if a = 0. 

Definition 5.1.4. Let K > 0 and f be analytic and locally 

univalent in U. Then, f is said to be in the class C <K) , a < 1, 

a. 

if 


( 5 . 1 . 6 ) 


lim inf k (f;z) > K. 

iz^l « 


It is easily seen that CV <R, .R.) £ C (1/R,) when 0 < R, < m. 

a 1 z a c Z 

For K > K > 0 we have C CK> S C (K*> . The function I (z) in 

Cl a a 

(5.1.2) shows that C (K) c C (K*) for 0 < K* < K < 1 . 

Ok 3* C( 

A result found in Section 5.5 will show that f e C (K) , K > 

z ^ 

0. a < 1. if and only if. g(z) s / ( f ' (x ) ) ^ '^ ^ ^ ""^ohr « 

o 

C(K). Wirths C160] found that if f € C(K) . K > 0. is analytic, 
locally univalent in a disc |z| < 1 + e, e > 0 and the function 
t(z) mapping Cz € C ; jz| = 11 into R is continuous and 
nonnegative, then, for any a € U. 


(5.1.7) 1^ Kf' (e*®)(l-ae*®)^ t(e‘®)d©| 

o 


1 D ,1 X f"(e‘®),,, - i©,2 ,, i©.^« 

i -s— Red + rs ) 1-ae t(e )d© 


and equality holds in (5.1.7), only for the function 


e z+a 

(5.1.8) f(z> = V- (^^> + b. ^ « R. la| < 1. b « C 


K 


1+az 
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Using (3.1.7). with different special choices of function t(z), 
Wirths [160] derived several old and new results for CV<Rj.R 2 ). 

Thus, he proved that if f e C(K>, K > 0, then for z € U, the 

inequality (1,2.43) continues to hold with R^ replaced by 1 /K and 

equality in (1.2.43) holds for f given by (3.1.8). Moreover, if 

OD 

f(z) = Z c z^ € C(K). K > 0. then 
k = 0 


(3.1.9) 




(1-K| Cj I ) . 


Equality holds in (3.1.9) only for f(z) given by (3.1.8). We 
observe that the inequality (3,1.9) is the same as the inequality 
(1.2.39) if K = l/R^ > 0, Cj = 1 and k = 2. 

For the class C^(K) , some of the results found in the present 
chapter give the analogues of Wirths' inequalities (3.1.7) and 
(3.1.9). 


The following maxi mum-mi n i mum principle [1593 for locally 
univalent functions is quite helpful in the study of class C(K> ; 


Let f(z) be analytic at z^ € U. 


rif f' (z^> 0, the function 


( 3 . 1 . 10 ) ■) 


u^(z) 


1 - 


f"(z> 
2f' (z) 


f' (z) 





defined in a neighbourhood of z^ has a local minimum at 
z . if and only if, f is a Mobius transformation. 



lOZ 


<3.1. 11> I 

Us i ng 
univalent 
inequal i ty 


If f' (z ) »< 0 and f"<z >(l-|z |^> Zz f' <z >. 
o o ' o' o o 

local maximum at z . if and only if, fCz) is 

o 

transformation, 

the above maximum-minimum principle for 
functions. Wirths C1593 gave an alternate proof 
<3.1.9) . 


u^ has a 
a Mobius 


local ly 
of the 


In the present chapter, for the class C (K> . we first find an 

a 

analogue of the above Wirths' maximum-minimum principle and then, 

using this analogue, find <i) a sharp bound on the modulus of the 

second Taylor coefficient for functions in C <K) and <ii> a 

a 

rotation theorem for the class CV <R,.R-). 

OL I C 

The Schwarzian derivative ^’^^2 analytic, locally 

univalent function f in U is defined as <p.238, £263) : 


rx-i , ^ f'"(2> 3 ,f"(z)^2 

= TTB- - I 


An upper bound of |Cf3^<z)| is known £1593, if f € C<K>, K > 0, 


Thus, for f € C<K) and z € U. 


<5.1 .12) -jl I J |f' <z>|<l-|z|^)> 


- * ' - ^1^ - K|f'<*>|tl-|z|^>. 


In inequality (5. 1.12). equality for one z € U in^lies equality for 
all z € U and this can happen only for functions f(z> given by 
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(?.1.B). Thus, it follows from 0.1. 12> C1593 that if 

® k 

f<z) = H c.z c C(K>. K > 0. then 
k = 0 

<?.1.1?> Icjl < |cj| (l-K|Cj j>. 

Equality holds in <?.1.1?) only for functions f<z) in <?.1.8>. 

For the class C^(K> , some of our results found in the present 
chapter give the analogues of Wirths' inequalities <3,1.12) and 
<3.1. 13). 

A necessary and sufficient condition for C<K>, K > 0 is 

® k 

determined in C1603. Thus, f<z) = S c.z € C<K> , if and only if, 

k=0 

2 4'a 

(3.1.14) f ( — —y € C<K), a € U, and the inequality (3.1.9) holds. 
1 +B.Z 

It will be seen in the sequel that an analogue of (3.1.14) 

holds for the class C <K) . 

a 

In Section 3.2 an integral operator that transforms 

functions in the class CV (R,,R,) into functions of the class 

a 1 i 

CVXRj.R^) (cf. Section 1,2) is studied. A similar integral 

operator between the classes ST(Rj.R 2 ) (cf. Section 1.2) and 

CV (R, ,R-> is also studied in this section. The former 

ot 1 2 

integral operator is helpful in (i) obtaining a sharp •y such that 

* 

a function in CV <R, ,R-> belongs to CV(j') and (ii> finding 

ale 

distortion bounds for the class CV (R-.R^>. A growth theorem for 

OL 1 C 

the class CV (R, ,R,) and bounds on the functional 

ale 
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j(f( 2 j) - f (z^ ) ) / < 2 j -z^ ) I for f € ’^2 ^ also obtained in 

the same section. Finally, in Section 5.5. the bounds on the 

second and third Taylor series coefficients for functions in the 

class C^(K> , a distortion theorem and necessary and sufficient 

conditions for a function to be in the class C <K) are found. A 

a 

rotation theorem is also derived for f e CV in this 

a 12 

sect i on . 

3-2 In this section an integral operator which transforms 
functions in CV <R,.R-) into functions in CV(R,,R-) <cf. Section 
1.2) is investigated. Using this transform, a sharp y such that 
CV^<Rj,R 2 > is contained in CV<j^) is obtained. With the help of 
the same transform, distortion bounds are determined for the class 
CV <R,.R->. A similar integral operator between the classes 

die 

CV <R, .R,> and ST(R, ,R ) <cf. Section 1.2) is also studied. 
OL 1 C 1 Z 

Finally, in this section a growth theorem for the class CV <R, ,R.,) 

a 1 2 

and bounds on the functional j<f<Zj> - f (z^> > / ^ are 

determined for f € CV <R, ,R,) and certain distinct z, ,z- in U. 

a. 1 z 12 

In the following result it is observed that the classes 

CV<R, ,R,) and CV <R, ,R,> are related through an integral operator. 
1 Z ale 


Theorem 5.2.1 

Let a 

function 

f e 


Then. the function 

z 

.1/(1 

“O ) 

E CV(Rj 

if and only if. 

g( 2 > = / (f' 

o 

(T>> 

dr < 

.R2>. 

f € CV (R, sR^) 
d X z 

where 0 

< a < 1, 

and R^ 

< ot>. 
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Proof. For g(z> =X < f ' <t ) ) ^ ^ ^ dr. we have 

0 

1 4. ^"<2> _ , ^ Zf"(z) 

g' (z) " (l-a)f' (z) • 

Hence . 

<5.2.1) g € CV. if and only if, f « CV{a) . 

Moreover, for z e U\£0). 

<5. 2.2) kCg;z) = k (f;z>. 

OL 

Now the definitions of the .classes CV<R,.R,> and CV (R,.R.,). 

12 a 1 2 

relation (5.2.1) and equation (3.2.2) together give the theorem. 

For the class CV^(Rj,R 2 ), R^ is always greater than or 
equal to 1, since it follows from Theorem 3.2.1 that if 
® ' ^2 ^ * ^2 ^ ®' 0 < o < 1, then the function g defined in 

the theorem is in the class CV(Rj.R 2 ) and for the class 

CV(Rj,,R 2 ), we have R^ ^ 1 (cf. (1.2,37)). 


Corollary 3.2.1 


1 f € ^'^ot^^l’^2^ with 0 < o» < 1 , then 


(3.2.3) 


I f' (re*®) I 



where 0 < r < 1 and 0 < © < 27r. The inequality is sharp. 


Proof . Inequality (2.1.7) and Theorem 3.2.1 together give the 

required inequality. The function defined in (3.1.2), with 

a = Vl-l/R, , R, l.is in the class CV (R-.R,) £ CV (R, .R,^). For 
L L dec OClZ 

this function, I' (z) = (l-az)^®*”^ so that 

OI 
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U'(a>| = = <R /<l-r^)>^'". 

' a > 2 

Thus, sharpness in the inequality (T. 2 . 5 > is attained at the 
point re = a. 


Corollary 3 . 2 . 2 . If f e CV (R..R.> with R„ < oo, and 0 < a < 1 

Ot 1 c L 

then 


( 3 . 2 . 4 ) 


Rjd*|2R,-d*| ^ 

VRj (l-rl+rd*)^-' 


1 f' (re*^) I 


r- ,* 

in r £ 3 - t 8 . 0 £ B < Zn where, d 

g( 2 ) = / (f' <T> dr. The inequality 

o 


r-. 1 *“^ 

- R^d <ZRp-"d ) ^ 

= d (g> = max K j ; 

Ce^gCU) 

( 3 . 2 . 4 ) is sharp. 


Proof . Since the class CV(Rj,R 2 ) S CVG(Rj,R 2 ). Theorems 2 . 4.1 and 
3 . 2.1 together give the required inequality. The function 
given in ( 3 . 1 . 2 ), with a = VTTTR^. R^ ^ 1 . is in 

CV (R,.R-) £ CV (R, .R-). For this function, 

a Z Z a 1 z 

g(z) = / ( 1 ^( 2 ))^'"^^”“^ dr = 2 /(l-a 2 ); d* = d*(g) = l/(l-a) > 
o 

so that 

Rjd*| 2 Rj-d*| /(Rj(l-r)+rd*)^ = l/(l+ar)^ = 1 1 ^( -r) | ^ ^ ^ 

and 

R 2 d*( 2 R 2 -d*)/(R 2 -|R 2 -d*lr)^ = l/d-ar)^ = |l^(r)|^^^^ . 


This proves the corollary. 
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Remark. Me note that the sharpness function given in the proof of 
Corollary 3.2.1 is dependent on the point at which sharpness is 
attained in the inequality (?.2.3>, whereas the sharpness function 

given in Proof of Corollary 3.2.2 is independent of any such 
point . 


Co r ollary 3.2.3. If f € CV^(Rj,R 2 > with R^ < oo and 0 < a < l, 

then 


. R,df2R -d| ). 

<5-2-5) [-* ’ U] S 1 

1 f' (re‘®) 1 < 1 

P R^diZR^-d> ^ 

1 -a 

^(Rj + |Rj-d|r)^-^ 

1 

^(R^ (l-r)+rd)^J 


in the disc r < 3 - Ve; 0 < 0 < 

Zn , where d 

= d(g) = min 

ICh 


Ceag{U> 


g<z> - / (f'(T)> dr. The inequality is sharp. 


Proof. The class CVCRj.R^) S CVG<Rj.R 2 ). inequality (2.4.2) and 
Theorem 3.2.1 together give the required inequality. For the 
function l^<z) given by (3.1.2), Rj= R^ = l/(l-a^> and 

g(z) = z/(l-az>. Hence, d = d(g) = l/(l+a> so that 

Rjdl 2 Rj-d|/(Rj + |Rj-d|r)^ = l/(l+ar)^ = | r ( -r ) ] ^ ^ 

and 

R2d(2R2-d)/(R2(l-r) + rd)^ = l/(l-ar)^ = | l^(r) | 

The proof of the corollary is therefore complete. 


Remarks ( i ) For f e CV^(Rj.R 2 ). R 2 < ®. 0 < a < 1 . with 
- ^2 - l/(12-/2 - 16) and r such that Jr^ - R^ S r < 3 - -/e, the 
upper bound of |f'(z)j in the inequality (3.2.4) is better than 
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that in the inequality 0,2.5), where d* is as in Corollary 5.2.2. 

(ii) For f € R 2 < ®. 0 < a < 1 . the lower 
bounds of |f'<z)| in the inequalities (5.2.4) and (5.2.5) are 
equal by Theorems 2.2.1 and 5.2.1. Similarly, the upper bounds 
of Jf'(z)| are also equal in this case. 

(iii) For f e *'^2 ^ Rj < d < d* < 2R^ . the lower 
bound of |f'(z)| in the inequality (5.2.5) is better than that in 
the inequality (5.2.4) where d and d are as in corollaries 5.2.2 
and 5.2.5. 


Corollary 5.2.4. If f € CV^(Rj,R 2 ). R^ < ®. 0 < a < 1 , then 


( 5 . 2 . 6 ) 


(1+Ar) 


2(1 -a) 


< 1 f' (z) I < 


(l-Ar) 


2(1 -a) 


where, the left hand side inequality in <5.2.6) holds for z € U 
and the right hand side inequality in (5.2.6) holds in the disc 

where jz| = r, A = VI -1 /R . 


1 + y’5-4A 
Further for z in the annulus. 


1 + 


-< |z| < 1. 


(5.2.7) 


i f' <z> I < 


C(l-A) (l-r^)r(2+(l-A)r)3^"" 


Proof . The Corollary is a direct consequence of the combination 

of Theorem 5.2.1 and the distortion bounds <cf. (1.2.44), 

(1.2.45)) for CV(R,,R,). The function I (z>. defined by (5.1.2), 

12 a 


gives sharpness in (5.2.6). 
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Remarks. ( i ) For Rj > 1 and jzj < ? - Vf, the lower bound in 
(5.2.4) is smaller than that in (3.2.6). 

(ii) For Rj = R^ , the lower bound in (5.2.4) and that in 
(3.2.6) are the same. Similarly, the upper bound in (5.2.4) and 
that in (5.2.6) are the same. 


Next, we show that functions in the class CV (R,,R.,>. R.. < oo 

a 12 2 

are convex of order (d-a) (1-A)/(1+A) + a) where, A = Vl-l/R^. 


Theorem 3.2.2. If f € with R^ = R^Ca) < oo, then 

CV^(R,,R-) £ CV((l-a) + ot) 

a 1 2 1 +A 


where , A = Yl -1 /R^ and 0 < a < 1 . The resul t is sharp . 
Proof. Let f € *^2 ^ Theorem 3.2.1, the function 


g(z) = S (f' (t)) 
o 


l/(l-a) 


dr € CV(Rj . 


Since g € CV(R^,R 2 ) S CVG(Rj,R 2 ). Theorem 2.4.5 gives that g(z) is 
in CV( ( 1 -A) / ( 1+A) ) where, A = Vl -1 /R^ . Thus, for z e U, 


Red + = Red + 

9 ' 2 / 


zf"(z) ^ ,, 1-A 
d-a)f' (z) T+A ’ 


Hence , 

zf"(z). K /I •, 1~A ^ 

Red + ) > d-a> + a. 

The function defined by (3.1.2) gives sharapness of the 
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We observe that for < od. 0 < a < 1. 

(5-2.8) CVCa) A CV (R, .R.) 

r a 1 • 2 

by considering the following example. Suppose if possible that 
the function i^<2) € CV<a) with a = 1, (cf. <5,1. 2)) is also in 
CV^CRj.R^). Then, by Theorem 5.2.1, we have that the function 

g{z> = J” <l' dr 
a 
o 

2 

1-2 

is in CVXRj.R^), so that R* < R^ < ® where, R* is as in (1.2.33), 
But, g( 2 ) = 2 /(l- 2 ) is in C!V(od,oo) so that R* = <x>. This is a 

contradiction and thus (3.2.8) is established. 

Next, we determine bounds on the functional 

j(f( 2 ,) - f <2, ) ) / (2, - 2 , ) I for f in the class CV (R, ,R.> and 
* 1 2 12' o 1 2 

certain distinct in U. 


Theorem 3.2.5. If feCV (R,,R-). R. <®, 0 <a < 1. then 
■ die L 


(3.2.9) 


f(2j) - f(22> 


^ 1-^2 


J(A,a.rj .r^) 
^2"*'l 


for in U where . J(A,a,t,u) = I(A,a,u} - I(A,a,t). 

J(A.l/2.t.u) = (1/A) In ((1+Au)/(1+At>) . 



I (A,a,t> 


1 


a It l/Z, 


A(2a-1 )<1+At) 
i *1.2 and r ^ • 




A = Vl-l/R, . Iz . I » r. . 

2 • 1 ' 1 • 


Further . i f jz] e i ther i ncreases or decreases on the 1 i ne 
segment joining z ^ and z^. |2j| < \'^2. \ ' 


(5.2.10) 


f<Zj) - fCz^) 


^r^2 


■J(A,a. -r j .■r' 2 > 


^2'*'l 


L(A,a, Tj . r^) 


r^-ri 


"2 ^ 


l+y5-4A 


l+y5-4A 


<r^<T^<l 


u 


where L<A.a,t,u) = / 


dp 


t C(l-A)(l-p^>p(2+(l-A>p)3^'“ 


• The inequal i ty 


(5.2.9) is sharp i n U and (5.2.10) sharp i n r- S 2/(1 +y5-4A) 


Proof . The proof is similar to that of Theorem 2.5.4 except that 
the distortion bounds in (5.2.6) and (5.2.7) have to be used here 
in place of using the bounds in (1,2.44), (1.2.45) for the proof 
of Theorem 2.5.4. The details of proof are omitted. The 
function I (z) defined in (5.1.2) gives sharpness for (5.2.9) in U 

OL 


and for (5.2.10) in the annulus r^ ^ 2/(1 +y5-4A) , A = yi -1 /R^ 


In the following result we find bounds on the 
|f(z)| for functions f in the class CV^(Rj.R 2 ). 


growth of 
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Theorem ? . 2 . 4 . 

( 5 . 2 . 11 ) 

( 5 . 2 . 12 ) 


If f € CV (R- 
— a 1 

-2a-l , 

(1+Ar> - 1 

A(2a-1 ) 


In (1+Ar) 
A 


< lffz)| 

< lf<z)| 


<05. 0 < a < 1 . 


< 


l-(l-Ar) 


2a- 1 


A(2a-1 ) 



1 n 


_1 

1 -Ar 


then 

. a 1/2. 

. a = 1/2. 


where [ z | = r . the left hand s i de i negual i t i es hold i n (5.2.11). 
(5.2.12) jj2 the unit disc U and the r i ght hand s i de inequal i t i es 
in (5.2.11). (5.2.12) hold in the disc \z\ < 2/(l+y5-4A) , 
A = yi -1 /k^ . The i negual i t i es (5.2.11) and (5.2.12) are sharp . 


Proof . By taking Zj = 0 in Theorem 5.2.5, the inequalities 

(5.2.11) . (5.2.12) follow for z ^ 0. For z = 0. inequalities 

(5.2.11) , (5.2.12) are trivial. The function defined in 

(5.1.2) gives sharpness in (3.2.11) and (5.2.12). 


Corol lary 

(5.2.15) 

(5.2.14) 


d > 

d > 


If f € CV^(R,.R-). 

01 1 Z 

(1+A)^""^ - 1 
A(2a-1) * 

In (1+A) 

A 


R2 < 


0 < a < 1 . 

a 1/2 

a * 1/2 


then 


where, d = inf |Cj. A = VI -l/R^ ■ The inequalities are sharp. 
Cedf (U) 


Proof. The corollary follows from Theorem 3.2.4. The functions 

I (z). defined in (3.1.2). give sharpness in the inequalities 
a 


(3.2.13) and (3.2.14). 



in 


Remark . The Koebe domain for R 2 < ®. 0 < a < 1 is the 

disc 


Cw 



^ <1+A>^""^ - 1 
A(2a-1 ) 


a ^ 1/2 


Cw 


iw 


In (1+A), 
A ^ 


a = 1/2 


where, A = Yl-l/R^ . 


This follows from Corollary 5.2.5. 


The following result gives an integral operator that 

transforms functions in the class STCR^.R^l <cf. Section 1.2) into 

that in the class CV <R-.R->. 

a 12 

Proposition 5.2.1. Let f e >4^ . Then, the function 
f € STCRj.R^). 

if and only if, 

FCz) = X dC € CV <R,,R,) 

o C a 1 2 

where , 0 S a < 1 . 


Proof . We have that the function f e ST(Rj,R 2 >, if and only if, 

X dC € CVCRj .R^) . 

o ** 

Equivalently, 

FCz) s X dC € CV^CRj,R 2 ) 

o ^ 


by Theorem 5.2.1. This completes the proof of the proposition. 
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3.3 In this section an integral transform on the class C <K> 

a 

<cf. Section 5.1) is studied. For functions in the class C (K> 

a 

bounds on the moduli of second and third Taylor coefficients are 

found. A distortion theorem for the functions in the class C (K) 

a 

and necessary and sufficient conditions for a function to be in 
the class are also obtained in this section. Finally, a 

rotation theorem is derived in this section for the class 
CV^<Ri.R 2 > (cf. Section 5.1). 

Proposition 5.5.1. Let a function f c A. Then f e C <K) . if and 

ot 

only if. g<z) = / <f' <t ) ) ^ '^ ^ ^ ““^ dr € C<K) where a < 1 and K > 0. 

o 

Proof . We observe that f<z) is locally univalent in U, if and 

only if, g<z) s f if" (t))^^^^ dr is locally univalent in U, 

o 

where a < 1, This, (5.2.2) and the definitions of the classes 
C^<K) and C(K) (cf. Section 1.2) together give the proposition. 

Some of the applications of Proposition 5.5.1 are as follows. 
We begin with a lemma: 

Lemma 5.5.1. Let f e C <K) with a < 1 . a 0 and K > 0. Then. 

___ ^ 

k <f;z> has no local minimum in U\{0) and k <f;z) > K in U\C0>. 
a a 

Proof . Proposition 5.5.1. equation (5.2.2) and (1.2.54) together 

give the lemma. 

Remark . A direct proof of Lemrra. 5.5.1 without using Proposition 
5.5.1 can be given as follows by using a technique of Peschl [991. 



11 > 


Let k^(f; 2 j> (cf. <5.1.1)), 0 < jzjl < 1 be a local minimum of 

k {f;z) in U\CO}. Then. 

cn 


0 


s 

dz 


k^<f;Z> 


z=z 


1 


1 

z| I f' <z) 1 2(1 -a) 


zf"<z)/ 
f' (z) 


Hence , 




z f ( z ) 

ULL—yy (f-z) 

<l-a)f' <z) a 


z=z. 


<f ;z) 


For z € U\C0}, by the inequality (5.1.6) we have that k (f;z) > 0. 

ot 

2 

Expression (5.5.1) gives that S k <f;z)/dzdz < 0 at z = z, . a 

a 1 

contradiction to the assumption that k <f;z) has a local minimum 


in U\£0} at z = Zj . Thus, the first assertion is proved. We have 

I im k (f;z) = 00 and hence k (f;z) can not be constant in U\£0). 

- Ot ot 

z-»o 

This proves the lemma. 




(5.5.1) 


dz9z 


k (f ;Z, ) = 

o» 1 




zf"(z) 
(l-a)f' (z) 


) 


Theorem 5.5.1. For an analytic and local ly univalent funct ion f 

in U, feC (K). a < 1. a ^ 0, K > 0, if and only if. k (f.-z) > K 
_ ^ ^ 

in U\C0}. 

Proof . Lemma 5.5.1 gives the 'only if' part. The 'if' part is 
easy to prove and is omitted. 
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Using Theorem 5.5.1. it can be seen that if f € C^<K>, 

0<a<l.K>0 and = f(rz). 0 < r < 1, then the function 

f_ « C <K*) £ C (K> for a constant K* > K. 
r ot oi 

A bound on the modulus of second Taylor coefficient for 

functions in the class C (K) is determined with the help of the 

a 

following lemmas. 


Lemma 5.5.2. Let f e C (K) with a<l.a^0. K>0 and z € U. 

a o 

The following functional, defined in a neighbourhood of z 

o 


(5.5.2) 


u <f;Z) 
a 


f"<z><l-|z|^) _ ^ 

f' <z>2(l-a> “ ^ 

|f' (z)|^^^^'“\l-|z|^) 


has a local minimum at z , if and only if, f(z> is of the form 

o 


(5.5.5) 


f(z) = 


q(cz+d) 


l-2a 


+ s 


log (cz+d) 


for a ^ 1/2 


for a = 1/2 


1 

where, p = (ad - be) , q = (2a-l)c. a.b.c.d.s being complex 
constants . 

Proof . Proposition 5.5.1 and condition (5.1.10) give the lemma. 

In the sequel, wherever reference to the function is not 

needed, the functional u (f;z) is denoted by u_(z). 

a « 
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Lemma 5.5.3. Let f e C <K>, a<l,a^O. K>0 and z e U. When 

ot o 

f " < z ) < 1 - I z I ^ ^ Z(l-a)z f' (z >, the functional u (z> in <5.3.2) 

0 * 0 * o o ot • ' 

has a local maximum at z^. if and only if, f<z) is of the 
form <3.5.5). 


Proof . Proposition 5.5.1 and condition <3.1.11) give the lemma, 


00 


Theorem 5.5.2. Let f<z) = Z a, z e C <K) with a < 1, a ^ 0. and 
k=0 " — 

K > 0. Then . the i nequal i ty 


/T 1 , f"<z)<l-lz|^) -,2 . , ^ ,1 

<3.5.4) I f^rzinr^) ~ ^1 ^ i-k 


l/<l-«><l-|-2) 


i s true for z e U. The i nequal i ty <3.3.4) j_s sharp , 


Proof. For the functional u <z) in <3.5.2) we have, for z € U. 


u <z) t. lim inf u < 2 ) 
a 111 ** 

lzl-^1 


‘iziir 


<l-}zr) ,f"<z),2n 


4<l-a) 


2 lf'<z> 


= lim inf k <2> > K 
|z|.l « 

which gives <3.5.4). 

Suppose that equality holds in <5.5.4) at Zj € U. Then 

u <z) has a local minimum at z 
a 


By lemmas 5.5.2 


and 5 . 5.5 we 
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obtain that f( 2 ) is of the form <?.3.5> and u (z> = K in U 

a 

functional u^< 2 ) = K. if and only if, 


(3.5.5) f(z> = i 


+ b or — 


i^ 


^ a(2a-l ) ( 1 +az) ^ 


I -a 


A4> 


i-hr 

— rp log (l+az> + b or — 


\4> 


1-a 


Z+b; 

if a 1/2 


z+b; 

if a = 1/2 


where, a e U\£0}, b € C and ^ c (R . Thus, Lemma 5.3.1 gives that 
equality for one z in U in inequality (5.5.4) implies equality for 
all z in U, and this happens, if and only if, f(z) is of the form 
(3.3.5) . 


Theorem 5.3.5. 
K > 0. Then , 

(5.5.6) 

The i nequa 1 i ty 
(3.3.5). 


Let f(z) = 


Ujd-a) I 

i s sharp 


2 


CO 

r a., 2 *^ € C (K) with a < 
._o K a 


< 1-K 


, ,l/(l-a) 

l^ll 


only for the f unct i ons 


1 . 


of 


a ^ 0 and 


the form 


Proof. Taking z = 0 in Theorem 5.3.2, gives Theorem 5.5.3. 

Next, a bound on the modulus of third Taylor coefficient for 
functions in the class is determined with the help of the 

following lemma. 

® k 

Lemrrai 5.3.4. Let f(z) = Z a, z € C (K) with a < 1. a 0 and 
(( 01 
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K > 0. Then . the i negual t ty 


fx % 7 ^ r ^ ^ _5, f"<z) ,2. 

* I'T^ i' (z) ^ f' (z> 2 ^<l-a>f' (z)^ I 


/I I ^ If' / \ll^^l 1/1 I l^\\ 

X <l-|z| > (1 - j |f'<z>j (l-jz| )> 


< 1 - 


f"Cz)(l- Z , 1 //I X 7 

I Zp - Kjf' Cz>| ^'^^"®Nl-|zj^) 

f' (z>2(l-a) 


holds for z € U . The i negual i ty (5.5.7) _i_s sharp only f or the 


function f(z) of the form (5.5.5). 


Proof . Proposition 5.5.1 and the inequality (5.1.12) give the 
inequality (5.5.7). Now suppose that equality holds for some 
Zj € U in (5.5.7). Then, the right hand side of (5.5.7) has to 
be zero at z^ . This means that equality is attained in (5.5.4) 
at Zj . Hence. f(z) has to be of the form (5.5.5). Conversely, 
suppose that f(z) is of the form (5.5.5). Then. both the sides 
are equal to zero, at all z e U. This completes the proof of the 
1 emma . 

C30 

Theorem 5.5.4. Let f(z) = S a.^z**' « C (K) with a < 1 , a 0 and 
k « 

K > 0. Then. 


(5.5.8) 



(1-K|ajj^''^^'®‘^) (1 - |«)(l-a). 


Equal i ty holds . if and only if . f(z) J_s the form (5.5.5). 



120 


Proof. For 2=0. inequality <5.?. 7) gives that 

a 


( 3 . 3 . 9 ) 


a 

1 -a ^ a 


1 - 


2 .2 ,l/(l-a> 


5 .“3 " y* .* 2 . 2 , ^ “1 


‘-I a.(l-c> l - 


1 -a 


<— > 
*1 


1 K, 

^ ■ ll*! 




From this by applying the triangle inequality and then inequality 
<3.3.6), the required inequality is obtained. 


Remarks . (i> The class CV^(Rj,R 2 >. 0 < « < 1 , R^ < oo. being 

contained in C <1/R_>, the inequalities <3.3.6) and <3.3.8) 

<x c 

continue to hold for functions in the class CV <R,,R,). Further, 

cx 1 Z 

the function defined by <3.1.2) gives sharpness of <3.3.6) 

and <3.3.8) in CV <R, .R,) . 

a 1 2 

<ii) For the class C <K) . a < 1, a 0. K > 0, 

0( 

Lemma 3.3.1 gives the analogue of the local minimum property 

<1.2.54) of k<f;z) for functions f in the class C<K) found by 

Wirths [1593. The inequalities <3.3.6), <3.3.7) and <3.3.8) for 
the class C <K).are analogous to the Wirths' inequalities <3.1.9), 

Oi 

<3.1.12) and <3.1.13) respectively, found in [160], [1593 for the 
class C<K) . Lemmas 3.3.2 and 3.3.3 for the class C <K) are 

ot 

similar to the Wirths' maximum-minimum principle for the class 
C<K) determined in [1593. 


A bound on the modulus of fourth Taylor coefficient for 

functions in the class CV <R, ,R,) is given by our following 

OI i z 


theorems 
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00 


Theorem 5.5.5. j_f f<z) = z + Z a z" € CV <R,.R_). 0 < a < i 

— 9 n a 1 2 

n=2 

and R- < 00 then , for K = l/R,, 


, . <l-a)^(l-K)-|a,|^(l-a(l-K/2>) 

(5.5.10) laj < — + |.|a.,| + la r 

' Yz ^ ^ Cl-a)<l-K/2) '2' 

00 00 

Proof. By (1.6.2) for f(z)=z+ Z az"=z/(l+Zbz")«S. we 


n=2 


obtain 


Equ i val ent iy , 


2|bjl < 1 . 


a. “ 2a. a. + a^l i — 
4 2 > 2l yj 


Now, by the triangle inequality 


n=l 


(5.5.11) 




■/Z 


+ 2 I a. 


l»5 - + hzl’ 


Inequality (5.5.9) gives that for f e CV (R-.R.) S C (K) . 

a 1 2 a 


(5.5.12) 


, (l-a)^(l-K) - la, l^(l-a(l-K/2)> 

-a^l < Lll 


t^5~®2l ■ r(T-a)(l-K/2) 


Inequalities (5.5.11) and (5.5.12) give the inequality (5.5.10) 


Remarks 


( i ) 


Since. by Len¥na 2.4.1, the class 


CVG(Rj.R 2 > S CVG( 0 .R 2 ) = CV( 0 ,R 2 > = CV^( 0 ,R 2 ). by putting a 


= 0 


and K = l/R^ in the inequality (5. 5. 10), we obtain that if 
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00 


f<z> = 2 + r a z'^ e CVG<R,,R,>. R, < oo, then 
n=2 i t L 


<5.?.n> 


2 

1 y 1*^ 55* 1/Rp * 

1^4! ~ ^ "T 1^2! i-i/ 2 R 2 l^zl 


00 


(ii) For f(z) = z + Z a 2 ^ € CVG(R,,R<,> with restricted la,), 

n=2 ^ ^ 

and special R^ , the upper bound on |a^j in the inequality (3.5.15) 
IS better than that in the inequality (1.2.38). For, 
satisfying VT £ < 00 and a^ « C\{0} with [a^l S R^, where 

lo2 . 1 

((4)5 - i- +iX--i)i/5 . 2 , 


■/I 


<1- 


the inequality (3.3.13) gives that 


1 9 1- a^ - 1/R, . , 

^ ~ T 1 ^ 2 ! 1 -1 /iRg ^^ 2 ! ” ^^2 


1>'^^2 


In the following, we obtain some results for the class 
that are analogues of the results of Wirths [160], 


Propos 1 1 1 on 3.3.2. Let K>0,a< 1, ot ^ 0, f € C^<'K>, be 
analytic and locally univalent in a disc = (z : [z| < 1 + €3 

for an « > □ and t : (z :|zj = 1) — ► R be continuous and 
nonnegative. For any a e U, 


Zn 


<3.3.14) 


ji- KCf' t<e*®) de\ 


s i- /" Red ♦ 


^ I?F 


<l-a)f' (€^®> 



lil' 


and equality occurs, if and only if. f( 2 ) is of the form 0.5.SI, 
Proof ■ We have 

||_ / K[f' t(e‘®>de| 


Zn 


< |_ / K| f' (e*^) I |l-ae*®j^ t<e‘^> d©. 


Now the inequality (5.5.14) follows from Theorem 5.5.1. 
Shaprness follows from that of (5.1.7) with the help of 
Proposition 5.5.1. 

® k 

Coro 1 lary 5.5.1.Letf(z) = 21 c.z €C (K)witha<l,ot^O, and 

k=0 ^ “ 

K > 0. For any a € U\{01 and any b € U, 


<J.5.15) K| (f <a>)*^”““’(l-|a|^)(l-ba) || 

Equality in (5.5.15) is attained, if f(z) is of the form (5.5.5). 

Proof. Choose, t(z) = <l-bz) (z-b) evaluating the left 

( 1 -az) (z-a> 

hand side of (5.5.14), with f (z> = f(rz) in place of f<z) we have 

r 


L (f ) £ l4- / KCf' (e‘"')3"'^ '-'d-ae*'")" t<e-)d©l 

a r • 2w 


Zn 


i©._l/<l-a),, a,_i©. 


= KjCrf' <ra>)^^^^'®^2-la|^)<l-ba) ^ + r<f* (0) ) ^ ^ |j 
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by the residue theorem. The right hand side of {5.5.14) with 
f^(z) in pice of f(z> becomes 

c 

R <f ) s 1 + ibl^ - Re(b — > . 

a r II 1-a Cj 

Now, letting r tend to 1 in the inequality L (f ) < R (f ). the 

a r a r 

corollary is obtained. 


Theorem 5.5.6. Let f € C (K> with a < } , a 0 , and K > 0. Then 
, ^ 

(5.5.16) \f' <.zy\ < 1/(K<1-) z| ^) )^"®‘. z € U. 

Equal i ty occurs i n (5.5.16) for functions of the form (5.5.5). 


Proof . For b = 

Corol lary 5.5.2 

y = C f ( re *^ ) : 
r 

(5.5.17) 


0. Corollary 5.5.1 gives Theorem 5.5.6. 


Let f € C (K) and L be the length 
a r 

0 5 © < 2n> where a < 1 and K > 0, Then. 


L < 
r 


2Trr 


(K(l-r^) )^~“ 


of 


i© 

Proof . We have L = r / |f'(re ) | d© . This and inequality 

o 

(5.5.16) give inequality (5.5.17) for a < 1 . a 0 . For a = 0, it 

is known [1603 that Theorem 5.5.6 holds. This observation and 

the formula for L give (5.5.17) for a * 0. Thus the corollary is 

r 

proved. 


OD 

Corollary 5.5.5. Let f(z) = E « C_(K) with a < 1 , a 0 

k=0 ^ 


and K > 0. Then 



125 


(5.5.16) 


, 2 ,2 ^ , ,l/<l-a> 

lcj<l-oi)i - ^ ^ Kll 


Equality occurs in (5.5.18) for a function of the form (5.5.5). 

ac- 

Proof. Choose a € UVCOl such that > 0 and b = a in 

•=1 

Corollary 5.5.1. Then, we have 

|l/(l-a) ^ , I ,2 2 *^2 

K c, < 1 + a - -s a — . 

' 1 ' II 1 -a c j 


Or. equivalently. 


c j ( 1 -a ) 


1 t la|" - 

< ^ = G(|aj) 


If, I-Kjcj I > 0. then 


min G(lal) = G( ( 1 -K I c, I ^ ^ ^ ^ ) 

0<|a|<l ^ 


= (1-K| Cj I 


If K|cj|^^^^ = 1, then G(|a|) = ^ . This gives that l-^l = 0. 

Thus, the corollary is proved. 

In the following result a necessary and sufficient condition 
for a function to be in the class C (K) is determined. 
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Propos i t i on 5.5.?. A function f(z> 
only if. 


00 

£ 

k=0 


c 



C (K>. if and 
0( 


i ) 


i i > 


f( ) € c <K>, for any a € U 

- - 01 
1-az 


where ot < 1 , a 0 and K > 0. 

Proof . Proposition 5.5.1 and condition (5.1.1A) give the 
propos i t i on . 


Remark . The inequalities (5.5.14) and (5.5.18) for the class 

C (K), a<l.a * 0. K > 0, are analogues of the Wirths' 

a 

inequalities (5.1.7) and (5.1.9) respectively, for the class C<K) 
determined in C1603. Proposition 5.5.5 for the class C^(K> is 
analogous to the necessary and sufficient condition (5. 1.1-4) for 
the class C(K) obtained in [1603. 


A relation between the curvatures of the curves = r) 

and g(|z| = r) is given by the following theorem when g is a 
special integral transform of a function f in CV^(Rj.R 2 >. 

Theorem 5.5.7. Let f € with 0 < a < 1, R^ < ® and 

g( 2 ) = (f' (T) dr. Then . the curvatures k(f;z) and 

o 

k<S!2> i2L |z| = r < 1. r > 0 axe related ^ 


(5.5.19) 


Cl-r> 

— F3r 


2a 


-d-a 


l+r 


)k(f;z) 5 k(g;z) i 


(l+r) 


2o 




(l-a 


1 -r 

IT? 


)k(f ;z) 
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Proof. We have f € CV (R, ,R,) S CV. Hence 

ot 1 Z 


O.5.20) 


_ < Re <1 + 


where zi = r < 1. Further, we have 


k ( g ; 2 > 


„ ,, , zf"(z) , 

^ (l-a)f' Cz)^ 

z[f' (z)3 1 


<5.5.21) 


k(g;z> 


1 


a 

Re <1 + 


zf"<z) 

( 2 ) 


(1-a) I f' <z) 


k<f ;z) . 


By the distortion theorem for the class CV<cf. Definition 1, 
we have 

— ^ — j < jg' <2>1 = If' < — 

<l+r> <l-r> 


equivalently , 


<5.5.22) 

Now <5.5.22). 
theorem. 


1 


<l+r) 


2a 


< ! f' <z) < 


<l-r) 


2a * 


together with <5.5.20) and <5.5.21) gives 


Finally. 


we obtain a rotation theorem for 


the 


2.5) . 


the 


class 


CV <R, .R,) . 
a 1 2 
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Theorem 3.?. 8. If f e CV <R,,R->. R. < oo. 0 < a < 1. then 

— a 1 Z Z 

2 

|arg f' <z>| S (l-a> In — , z e U, 

1-r^ 

where jz] = r and A = VT-TTW^. 

Proof . The proof of the theorem is similar to that of 
Theorem 2.4.3 except that the inequalities (3.3.4), (3.2.6) have 
to be used in place of (2.4.7), (2.4.1). 



CHAPTER IV 


RECIPROCAL COEFFICIENT REGIONS FOR CERTAIN CLASSES 
OF UNIVALENT POLYNOMIALS 

1 Let p be a nonconstant polynomial, normalized by p<0) = 0, 

p' (o) * 1. and p( 2 ) 0 in the punctured unit disc UXCOJ. The 

polynomial p( 2 ) may be expressed as p<z) = z/g<z> where 
00 

g<z) = 1 + E b z is analytic in the unit disc U. We denote 
n=l " 

y<g) = z/g(z). Thus, 

(4.1.1) p<z) = = t z e U. 

00 

1 + E b z^ 
n=l 

Such a function g is uniquely determined and we call it the 

reciprocal of the polynomial p in U. For V'(g> varying over a 

certain class of polynomials of degree atmost n (n ^ 2), the 

largest (n-1 )-dimensional region formed by the ordered 

(n-l>-tuples <b, , b-, .... b .). if n is even; the ordered pairs 
1 L n*- i 

2 

(bj.b^lt <bj , b^) if n = 5; and the ordered <n-l>-tupies 

^^1’ ^2 ^n-1^' ^^1* ••• ^<n-l>/2’ • ‘^n-l ^ 

is called the reciprocal coefficient region of that class of 
polynomials. 

2 

It is known C17] that * z + a^z . a^ real, is typically 

real in U, if and only if. it is univalent in U. Equivalently, p^ 



1?0 


i» typically real in U. if and only if. 


<4. 1 .2) 



It can be easily seen with the help of the inequality <4.1.2) 
that a normalized quadratic polynomial typically real and 
univalent in U, if and only if. 


and 




(4.1.5) bj € E s Cx € R: |x| < 1/21, 

CD 

where, the function 1 + Z b z*^ is the reciprocal of p„ in U. 

n=l " ^ 

Thus, the reciprocal coefficient region of the class of normalized 
typically real or univalent- quadratic polynomials is the set E, 
defined in (4.1.3). 

In Section 4.2, necessary and sufficient conditions in terms 

of the reciprocal coefficient regions are determined for a 

polynomial (cf. (4.1.1)) to be in the classes S, , S, ,, St_. 

5 Zp-1 5 

CVj or C'^2p-1 • P - ^ (cf. Section 1.5). Section 4.3 is devoted to 

the investigation of the same problem wherein we determine the 

reciprocal coefficient regions for the classes S., S,, S> or CV, 

4 5 5 5 

<cf. Section 1.5). 


4.S In this section we determine necessary and sufficient 
conditions in terms of the reciprocal coefficient regions for a 
polynomial y<g> (cf. <4.1.1>) to be in the classes S^, ®^3' 



1?1 


CVj or • P ^ 4. defined in Section 1.5, 

We begin with characterizing the reciprocal coefficient 
region for the class S^. 


Define (Figures 4.2.1 and 4,2.2), 

Oj = C<x.y) € y < <x±l/5)^ + 2/9, -1/5 < x^-y ^ 1/51. 

= C<x.y) € R^: 0 < X, 71x^- 167xy + 96y^- 23x + 52y < 0. 

1/5 < x-y < 1/51. 

00 

Theorem 4.2.1 For the function g<z> =1+ E b , b, and b, 

, n 1 £ 

n=l 

real . y<g> in the class S^, if and only i f , 

(4,2.1) b.b ,-b = (b?-b,)b n = 5,4.5. ... 

1 n-1 n 12 n-2 


and 


e i ther <bj. b^) € Oj or b^) « 02 “ 


Consequent 1 y . the reciprocal coef f i c i ent regi on of i£ Oj u 


00 


Proof. Let ¥'<9^ - z/g(z) = z/(l + Z b^z*^) = z+a 22 ^+a^z^ € Sj. 

n = l 

For n ^ 1 , we have 


n-1 

*^n ” ®n-k+l 


where a, 


0 for k i 4 and b =1. Therefore, 

o 


bj • -a^. bj > a^ - a, 


and, for n ^ 5 



^^n-2^5 + 


= -b^_, <b,-b,) + b^ -b- . 

n-Z i Z n*l 1 

Thus the equation <4.2,1> is established. 

Since ^*<9^ = z+a^z^+a^z^ € S*. we get <cf. <1.5.>>> that 


l + 5a. 


when - y < a^ £ y 


^ 9-25a^ * 


when y ^ a^ £ y. 


Substituting the values of a^ and a^ in terms of b^ and f Me 
have 


(4.2.2) jbjl < 


l+3<bj-b2> 


i f - 1. < b^-b < i 

.IT j _ Dj - 5 


<l-><‘>rb2>>2<>=rb2> ,122 1 , .2 . , ) 

<4.2. „ ,.JS4<— > . .f 

For bj > 0, the inequality (4.2.2) is equivalent to 


b^ :S (bj-1/3) + 2/9. 


when -1/? < bj-b^ ^ 1/5. 


Further . 


(bj-1/5)^ I - <b+l/3)^+ I . 


Thus we obtain that the point <bj . b^) « Oj . The case bj < 0 is 


similarly handled. 




Fig. 4.2.1 
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The inequality (4.2.5) is equivalent to 

71bj - 25bj -167bjb2 + 96b^ + 52b2 S 0. if 1/5 < bj-b^ ^ 1/5. 

2 

This implies that the point (b^.b^) € . 

Conversely, let the equation (4.2.1) hold and either (bj.b^) 

be in or (bj. b^) € 9 < 2 ) =1+ Zb , z « U. Equation 

n = l 

(4.2.1) gives that V'^Q) = 2/g(z) is a cubic polynomial and the 
condition ^ ^1 ^^1* ^2^ ^ ^2 *”*P^*®® that ^/(g) e S* 

(cf. (1.5.5>). Hence the theorem is proved. 

Remark . It is easy to verify that the equations (1.5.6) and 
(4.2.1) in fact are the same. Further, the regions Oj , 

Theorem 4.2.1 and the regions Dj , determined by Silverman and 
Silvia [1593 (cf. Section 1.5) are related by 

fij = Dj and 

'K' 

Thus, the reciprocal coefficient region Qj U of Sj is an 
improvement over the reciprocal coefficient region Dj U of the 
class of normalized univalent cubic polynomials in U found in [1593 


ExamF 

lies. It follows 

from 

Theorem 4.2.1 

that 

the functions 

z/(l 

+ Z Z /9 ) , 2/<l 

00 

+ Z z" 

/4") . and z/(l 

OD 

+ Z z 

2n , . - . n . 

/(-5) ). are 


n=l 

n=l 


n=l 



in the class S^. 

Next we determine necessary and sufficient conditions in 

terms of the reciprocal coefficient region for a polynomial ^<9) 

« 

(cf. (4.1.1)) to be in the class S,^ pi 4 (cf. Section 1.5). 

2p-l 



Define, for p ^ 4 , 




»2p-2’ ® “r *z‘ - “ >‘p-2 


= X = X 

p P+1 


•• = ’‘2P-5 ' “■ 


X , . X. - are arbitrary >. 
p-1 Zp-Z 


A„ = 


{(Xj.x^.Xj ^2p-E^ ^ ^^p-1 ■*■ 2<2p-l> 


^ {p-4)"-12 ^ _ p 2 

iTipIn^ 2 p- 2 - ^Vi mFTT ^ ^ 


Aj = C<Xj.X2.x^ ^2p-2^ * ^ 


2p-2 


P+1 


<2p-l>(5p-l> 


^ Xp_j - X2p.2 ^ -<2p-l) >. 

where throughout in the sequel for a, b, c real, by a i b £ c we 
mean that a ^ b and b S c. 

Set 


0_ = n A . . 
’ i=i ‘ 


Further, define for p i 4, 


\ = CCXj.x^.Xj ’^2p-2 


) e X > 0 } 

p-1 


A^ = C<Xj.X2.X3. 


, X, ,) € (p+l> <2p-l>“^(?p-l)"^ 

Zp-Z 

1 


^ Vl -^2p-2 - ' 
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= {(Xj.x^.Xj. .... ^2p-Z^ * <2?p^-10p-l> Xp_2 

- <55p^-26p-3> Xp.jX^p.^ + 16p<2p-l)x^p_ 

+ <p^-14p+l)x ,+16px- -SO} 

p-J Zp-Z 


and set 


6 

O. = A, n n A. 
4 1 * 1 

j =4 


Theorem 4.2.2 Let p ^ 4. For the function g(z) = 


b real 1 < n < 2p-2. vCg) is in the class S^_ ,, 
- 1 


<4.2.4) b„ , b„ = <b^ ,-b,„_,>b^ , 

p-1 n-p+1 n p-1 Zp-Z n-Zp+z 


OD 

1 + Z b z" with 

, n 

n=l 

i f and only i f . 

n > 2p-l. 


and 


either. 

<bj. 

^2‘ 


^p-1 ^2p-2^ ® S 

or, 

<bj , 

^2- 


2 

.... b„ , . b^ . . b b, , > € O . 

p-Z p-1 p Zp-Z 4 


Consequently, the reciprocal coefficient region of S^p.j iS. U 

OD 

Proof . Let v^(g> = z+SpZ^+a^p.jZ^^"^ € S*p_j for g(z) = 1 + Sl^b^z" 

with real. 1 < k < 2p-2. For n > 1. 
n 

' "^^2^n-k ^k+1 

where a^ = a, = .. = ap_j = ap ^2 = ap ^2 = •• = ^zp-Z ' ^k * °’ 
k i 2p and b^ = 1 . Therefore. 



0 . 



1>7 


ABBume that b =0 for l^n<m. meW, \ < m S p-5. 

n 

t> a., = 0 

m+1 

because a. = ... * a , = 0. Therefore. 

Z p-l 

bj = 4 = .. « bp.j = 0. 

■^P-l ‘ ‘‘p- 

b = -<b,a + b a ..> = 0. 

p 1 p o p+1 

Assume that b^ = 0 for p S j ^ 2p-4, j is an integer. 
^j+1 ~ ~^j+2-p ®p “ ° 


because 2 i )+2-p £ P~2. Hence, 


b = b ^. = . . = b-„ ■* = 0 

p p+1 2p-> 


b- - = -<b ,a + b a-^ . ) 
2p-2 p-1 p o 2p-l 


2 2 

= - (-a + a, ,) = a - a- , 

p 2p-l P 2p-l 


For n ^ 2p-l . 


n n-p+1 p n-2p+2 Zp-l 


- - <-b„.p.jbp.j * b^.2p.2 (*p - b2p.2>> 


We have 


We have 


This implies the equation <4.2.4). 
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By the inequality <1.5.5), 


(4.2.5) |bp_j| ^ 


14<2p-l)<b;.j-b,p.2) 


if -<2p-l)"^ < bp_j-b2p_2 - «P+l><ZP-l>~^<5p-l>'^ 


(4.2.6) lb , < 4 

I p-1 


(p+l>^-(>p-l>^b^.J-b2p_2> 


if (p+l)(2p-l)"^(5p-l)"^ < bp_j-b2p_2 ^ (Zp-l)'^ 
For b _j ^ 0 the inequality (4.2.5) is equivalent to 


^ ^ p‘-4(2p-l) , , ^ 

~;Vp:7?" ^ ' Vi 


provided -<2p-l)”^ < bp_j - < <p+l) (2p-l )'^ ( 5p-l >"^ 

This implies that , b^ , b^, ..., ^^5 


<2p-l) 


1 ^ ( b_ , + 


Similarly, the case bp_j — 0 handled. 

The inequality (4.2.6) is equivalent to 


C-(5p-l)^ + 16p(2p-l)3 bp_j + C(p+l>^-16pl bp_j + C(5p-1)' 
- 52p(2p-l>> bp_jb2p_2 + l^Pt>2p_2 + 16p<2p-l) b2p.2 ^ 0- 
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This implies that ^2 ^p-2’ ^p-1 ’ ^p' •*'• *^2p-2^ * 


CD 

Conversely, let g<z) = 1 + £ b 2 ", z € U. its coefficients 

n=l 


satisfy the equation <4.2.4) and either (bj.b^# •• 

or <bj. b^ ‘^p-2' *^p-l’ *^p’ *^2p-2^ ^ ^ 4 ‘ 


^2p-2^ 

Set 


O, 


m 


wCg) = z + £ a z". 2 « U. For n ^ 1. 
n=2 " 


Wl 


n-1 

= - £ a 
k=0 


1+k “n-k' 


Therefore, for 2 ^ n ^ P“1 . 


= 0. a = -b 1 . 
n P p-1 


and for p + 1 ^ m S 2p-2 , 


a = 0 . 
m 


^2p-l 


-<^2p-2 - 


- b 


2p-2 


»2P ' - “"ZP-I - %-! ‘■p " 


= - ‘Vl^ ■ ■ ‘’2P-2’ “l ■ Vl'’p * ‘S-l-'>2p-2>'‘l^ 


= 0 


by the equation (4.2.4). Assume that a. = 0 for 2p ^ j ^ q. q *8 
an integer, q ^ 2p. 
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a 


q + 1 


-(b 


q 


+ 


-(b 


+ <b 


P-1 

2 


P-1 


*p ^q-p+1 * ®2p-l ^q-2p+2^ 
^q-p+1 ^*^P-1 ^Zp-Z^ *^q-2p+2 

^2p-2^ ^q-2p+2^ 


*^p-l*^q-p+l 


by the equation ( 4 . 2 . 4 ). Therefore. V'^Sl is of the form 
V/(g> = z + apzP + a^p.jZ^P'^ 

Either <bj , . . , b2p_2> « ^>5 or <bj . ... bp^. ^’p-i • ^p’'*^ 2 p- 2 ^ 
is in implies that « ^*p-l' inequality C1.5.3>. 
Hence the theorem is proved. 


Next we determine necessary and sufficient conditions in 
terms of the reciprocal coefficient region for a polynomial 
<cf. (4.1.1)) to be in the class St^ (cf. Section 1.5). 

Define (Figures 4.2.1 and 4.2.2), 

Tj = C(x.y) € : y = (x±l/3)^ + 2/9. -1/3 < x^-y < 1/53. 

= C(x.y) €0?^ : 0 < X. 71x^ - 167xy + 96y^ - 25x + 32y = 0. 

1/5 < x-y < 1/33. 

CD 

Theorem 4.2.3 For the function g(z) * 1 + Z b^z wi th bj and b* 
real . ^(g) is in St^. if and only i f . the equation (4.2.1) holds 


and 
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either (b^ . b^) « Tj or <bj. b^) e r^. 

Consequent 1 y , the rec i procal coef f i ci ent region of St^ Fj U Fg. 

Proof ■ The proof is similar to that of Theorem 4.2.3 except that 
the equations (1.5.4) have to be used in place of the inequality 
(1.5.5). The details of the proof are therefore omitted. 

Remark . It can be seen that the curves F^ and F^ in Theorem 4.2.5 
are contained in the regions Oj and in Theorem 4.2.1 

respect i vely . 

Examples . It follows from Theorem 4.2.5 that the functions 

z/(l + 4 25/71 z + Z (-1)" (<4 25/71 z)’"'*’^ + <4 25/71 z)^"'^^)) 

n=0 

® ?n n 

and z/(l+ Z z /(±5) ) are in the class St,. 

n=l ^ 

In the following result necessary and sufficient conditions 
in terms of the reciprocal coefficient region for a polynomial 
V»(g) to be in the class CV^ (cf. Section 1.5) are determined. 

Define (Figures 4.2.1. 4.2.5) 

Oj = ((x.y) € x^-15"^ ^ y ^ x^+9'^ . (x+2/9)^ > y-5/81 

< (X - 2/9)^>. 

O = the closure of the domain lying in x S 0. bounded by 

D 

y = x-1/15. y = x-1/9 and 47x^- 119xy + 72y^- 5x + 8y = 0. 
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Theorem 4.2.4 For the fund i on g<z> = 1 + JE w i th bj mnd b 

reaT, V'<9l i®. in the class CV^. i_f and only i f , the eguat i on 
(4.2.1) ho 1 ds and 

e i ther <ti 2 * ^^ 2 ^ * ^5 — ^*^ 1 * * ^6’ 

Consequent 1 y . the reciprocal coef f i c i ent region of CV^ i_8 U 

Proof . Alexander's type of relation between the classes • S* 

and the method of proof of Theorem 4.2.1 give the assertion. 

Remark . It can be verified that the regions in Theorem 4.2,4 
and Theorem 4.2.1 are related by 

S = • 

Examples . It follows from Theorem 4.2,4 that the functions 

CD - oo ® ? 

2 /<l + E z /lo"), z/d + £ z"/4”>. z/d + E z /<-5>") 
n=l n=l n=l 

z/d + 45/47 z + E (-1)” <(45/47 z)’"'*’^ + <4 5/47 and 

n=0 

z/d + E z^'^/<-9>*^> are in the class CV_, 
n=l ^ 

Next we determine necessary and sufficient conditions in 

terms of the reciprocal coefficient region for a polynomial i»'(g) 

<cf. (4.1.1)) to be in the class CV, ,, p i 4 (cf. Section 1.5). 

Zp-1 


Define 
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A? = f (Xj . x^, x^. 


. X, .) «IR^P"^s [x„ ,-(p/f?C2p-l)>^3^ 

Zp“Z 


2: <p^-4<2p-l )^>/4<2p-l + x 


2p-2 


2 , 2 . 


< Cx , + (p/i2<2p-l))‘-r}. 

P- I 


CCx^f ^2* ^3^* 


. X, ,) € (p+l><2p-l)'^«5p-l> 

Zp-2 


-1 


^ 1 ^ -<2p-l)'^5 

p-1 2p-2 


"7 ' ''i n .n^ Aj 


= C<Xj, x^t Xj, .... X2p_2^ ® 


^P"^:<p+n( 2 p-l>'^< 5 p-l> 


* Vl ■’‘2P-2 - 


10 


C<Xj. x^. Xj ^2p-2 


) € R^P"^:(-9p^+70p^-65p+16>x^_ 


P-1 


2 2 


+ <9p^-134p^+129p-52>Xp_jX2p_2 + 16(2p-l)“ x-p,^ 
+ (p^+2p^-51p+16> X j/<2p-l> + 16x2p_2 ^ 0} . 


and 


10 

Ob = *1 n *4 n .n^ *1 • 

00 

Theorem 4.2.9 P i 4. For the funct.i^ g(z) = 1 + S: b^z" with 

— n= J 

b real. 1 5 n S 2p-2. the function ^<g> is irt the class ^'^2p-l’ 
n ' 

if and only i f . the equation (4.2.4) ho 1 ds 
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e i ther 


(bj , b^. bj ^Zp-Z^ * ^7 


or (bj. b^. .... bp_ 2 . bp_j . b^ ^Zp-Z^ 


Consequently , the reciprocal coefficient region of ^'^2p-l 

07 UD,. 


Proof . Alexander’s type of relation between the classes ^'^2p-l ' 
# 

S^p.j and the method of proof of Theorem 4.2.2 make the assertion 
of Theorem 4.2.5. 


Remark . It can be observed that the regions in Theorem 4.2,2 
and Cij in Theorem 4.2.5 are related by 


4.3 In this section necessary and sufficient conditions are 
determined in terms of the reciprocal coefficient regions for a 
polynomial v'<g> (cf. (4.1.1)) to be in the classes S^. S^, or 

CVj <cf. Section 1.5). 

Me begin with the characterization of the reciprocal 
coefficient region of the class S^. 

Define 

= C(Xj, x^. Xj) € -3<iT + 1)8~^ < Xj < 3(f5 + 1)8*^. 

><2 ' <Xj+3~^>^ - 9 "^. xJ - 2 XjX2 + Xj = -4 ^1. 
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Theorem 4.>.1 For the function a<z) = 1 + r h with b 

^ 

n=l 

rea 1 t 2-£ lH the class S^, and onl y i f , 

<4.3.I> bjb^.j - = <bJ-bj,)b^.2 + b„., 4-', n • 4. 

and 

(bj . b^. bj) e n^. 


Consequent 1 y , the reciprocal coefficient region of is 

— ^ _ 

Proof . Let y(g> = z+a^z^+a^z^+A'^z^ e S^. For n > 1. 


b 


n 


n~l 

MO *"-><*1 


where a^ = 0 for k > 5 and b 
k o 


bj = -a^. bz “ »2 - a,. 


b, = -4‘* - b’ + 2b, bj 


1 . Hence 


For n 2: 4, 


b = -<b , a. + b - a, + b . a,> 
n n-? 4 n-2 5 n-1 2 


= ‘■n-J - ‘■n-a “>1 - “>2> h 


This equation gives the equation (4.5,1). 

Next we show that the point <bj. b^. b^) € Since 

2 5-14 

yCg) = z + a^ z + SjZ +4 z e we get from the 
condition C16] for given in Section 1.5 that 


1 * t >2 and 


5.6 



necessary 
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5(bj - bj,) = - 2 bj . when -5<4T + 1 ) 8 “^ < -bj 3 < 4 T + 1)8 

The last equation is equivalent to 

-12 -1 

b^ = (bj + 3 - 9 . 


which along with the last inequality implies that the point 
<bj , b^ . bj) e £1^ • 

OD 

Conversely, let g<z) = 1 + 21 b , z € U satisfy the equation 

, n 
n=l 

<4.3.1) and the point . ^ 2 ' *^ 3 ? ^ ^ 9 * ' 

00 

V'<g) = z+ Eaz’^ , z€U. 
n =2 " 

For n 2: 1 , 

n -1 

^n+1 " ' ^k+1 ‘^n-k’ 


Hence , 


^2 = 


~^ 1 ’ ®3 ' ^1 " *^ 2 ’ 


»4 = 


-b, + zbjb^ - bJ = r' 


and 

by equation <4.3.1). Assume that a^^j = 0 for 4<n<p, pis an 
integer, p ^ 4. Then, by equation <4.3.1) 
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a_._ - b ,, + a. b + a_ b , + a, b .) 

P+2 1 p+1 2 p > p-1 4 p-2 

= -<b ^ - b, b + (b? - b,> b , + b , 4"^> 

P+1 1 P 12 p-1 p-2 


0 . 


Hence, y(g) is of the form 

/ ^ X 2 ^ 5 ^ .-1 4 

\»/(g) “z + a^z +*52 + ^ 2 - 

Now combining the sufficient condition tl61 for given in 

Section 1.5 and the relation . we obtain that 

y»<g> e S^. This proves the theorem. 

Example . It follows from Theorem 4.5.1 that the function 
00 , 

z/<l + r z^^/C-4)'^) is in the class S . . 
n=l * 

Next necessary and sufficient conditions are determined in 
terms of the reciprocal coefficient region for a polynomial V't9> 
(cf. <4.1.1>> to be in the class <cf. Section 1.5). 

Define 

OjQ = C<Xj. x^. Xj. x^> € Xj*X3=0. <X2+5/10>^+11/100 > x^ 

< <X2-5/10>^ + 11/100, 0 < x^ - x^ < 1/10), 
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Ojl = C(Xj. x^. Xj. x^> c R^! Xj=Xj*0. Jx^ + 2x^ - 5x 


10x|x^ - Zx^x^ + 5x^ + 4x^ £ 0. 




1/10 < x^ - x^ < 1/5 3 


O) 


Theorem 4.5.2 For the function g<z> = 1 + Z b z" with b real. 

n=i " ^ 

1 < n < 4. V'<g> is in the class S^. rf arid only if. 


<4.5.2) b-b „ - b„ = <b, - b.) b .. 

2 n-Z n 2 4 n-4 


n “ 5.6.7. .... 


and 


<bj , b^ , bj . b^> € Ojp U Oj j . 

Consequently . the reciprocal coefficient region of S- <)-« U O. . 

00 7 1 U 1 1 

Proof. Let V'Cg) = z/g<z> = z/<l + Z b z*^) = z+a-z^+a,z^ e S^. For 

n=l " ’ ^ 5 

n > 1 . 


n-1 

%-k+l 


where a^ = a^ = a^^ = 0, for k > 6 and b^ = 1 . Therefore, 

bj =0. b^ = -a^. 


b^ = 0. 


and 
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*5 ■ *5 


For n ^ 5, 


n-1 

b = - £ b . 
n k n-k+1 


= - <-b, b , + <b, - b.) b .) 
Z n-2 2 4 n-4 


= b, b„ , + (b. - b,> b .. 
2 n-Z 4 2 n-4 


This gives the equation <4.5.2). 

Now, we prove that the point (b, , b,, b,. b.) € 0,„ U O, , 

12>4 JO 11 

Using the condition <1.5.5) we have 


<4.3.5) Ib^l :S j 


l+5<b2-b^) 


. 0 < b^-b^ < lO'^ 


<4.3.4) [b^l ^ 2 J<b2-b^) {l-<b2-b^)) - 


<b^-b^). 


-1 2 -1 
10 ^ < b^-b^ < 5 


For b^ i 0 the inequality <4.5.3) is equivalent to 
b^ -11/100 < <b2-3/10)^ when 0 < b^-b^ < 10 

This shows that <bj , b^ • b^ , b^) « since 

<b2->/10)^ < <b2+5/10)^. 



1?1 


For i 0, the inequality (4.3.3) is equivalent to 

- 11/100 < (bg + 3/10)^ when 0 S b^-b^ < lO"^, 

This implies that the point <bj. b^. b^. b^> € since 

(b^ + 3/10)^ < (b^ - 3/10)^. 

Inequality (4.3.4) is equivalent to 

+ Zb^ - 3b2 - lOb^ b^ ‘^b^b^ + 3b^ + 4b^ S 0. 

lO"^ < b^ - b^ < 5"^ 

when > 0. This shows that the point <b, , b- , b,> is O, , 

^ 1 £ > 4 1 j 

s i nee 

3b2 + 2b| -3b2 - lOb^ b^ - Zb^b^ + 3b^ + 4b^ = A(b2.b^) 

> A (-b^. b^) . 

The case when b^ ^ 0 follows similarly. Thus we have shown that 
the point (bj, b^ % b^, b^) € UOjj. 

00 

Conversely, let g(z) = 1 t £ b z” satisfy the equation 

n=l 

(4.3.2) and the point (bj . b^. b^, b^) e £1^^ Set 

00 

y(g) = z/g(z) = z + £ ^n^^ 

for z € U. For nil. 
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n 

*n+l “n-k+l* 

Therefore , 



By the induction argument one can see that 
^k+1 = 0 for k > 5. 

Therefore, for z « U, 

V'Cg) = 2 + + a^z^. 

Combining the condition <1.5.5) and that the point 

<bj, b^. bj. b^> « ^^11 9*''®® ^^9) € Sj. Hence the 

theorem is proved. 

Examples . It follows from Theorem 4.3.2 that the functions 

2/(1 + 2E 2^^/>’^> and z/(l + Z z^"/<-10) > are in the class S-. 

n=l n=2 

Next we determine necessary and sufficient conditions in 
terms of the reciprocal coefficient region for a polynomial vig> 
<cf. (4.1.1)) to be in the class <cf. Section 1.5). 


Define 
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. Xj. x^> c Xj = Xj = 0. <X2-3/10>^+0. 11 

> x^ < (x 2+5/10>^ + 0-11, -5"^ < x^-x^ < 10‘^), 

4 2 

Ojj = C(Xj. x^. Xj. x^) « R ; Xj * Xj * 0, llx^ "2x2 ~ 26x2X^ 

+ 15x^ + 5x. < 0. 10~^ 5 x,-x. S 5‘\ X, 2: 0>. 

4 4 Z 4 Z 

m 

Theorem 4.5.? For the function q(z> = 1 + E b z with b real, 

— -» , n n 

n*l 

1 < n £ 4, v'Cg) j_s j_n the class S^, j_f and only i f . the equation 
(4.3.2) holds and 


either (bj , b 2 , b ^ , b^> € or (bj. b 2 . b^ . b^) € Qj ^ , 


Consequently . the reciprocal coefficient region of j_s 


Ol2 U 


Proof . The proof is similar to that of Theorem 4.3.2 except that 
the inequality (1.5.3) has to be used in place of the inequality 
(1.5.5) and details of proof are omitted. 

3 5 

Remark . It can be observed that for y'<g) = z + a^z + a^z « 
with a^ > 0. if the point B = (bj, b 2 . b^. b^) € in Theorem 

4.3.3 where Cb >® , is the sequence of Taylor coefficients of 

n n= 1 

g(z). then the point B is also in the region 


in Theorem 4.3.2 
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Examples . It follows from Theorem 4.5.3 that the functions 

z/<l + Z z^"/<±5>"~^> are in the class S* 
n-Z ^ 

Finally we determine necessary and sufficient conditions in 
terms of the reciprocal coefficient region for a polynomial if'tg) 
to be in the class CV^ <cf. Section 1.5). 

Define. 

4 2 2 

= C<Xj, t Xj, x^) « (R : Xj=Xj = 0, (X2 + 9/50> JS x^-19/50 

^ (X2-9/50>^. -1/25 < x^ - < 1/501. 

= C(Xj. x^. x^, x^) € Xj=Xj = 0. x^ ^ 0. 1/50 < x^-x^ 

^ 1/25. 65X2 - 190x 2X^ + 125xJ-2x2 + 5x^ < 0 1. 

OD 

Theorem 4.3.4 For the f unct i on g< 2 > = 1 + Z b^z wi th b^ rea 1 . 

n=l 

1 < n < 4. jjB in the class CV^ , j_f and only i f . the equation 

<4.3.21 holds and 

2 

either (bj. b 2 . b^. b^l e or (bj. b^ . b^ . b^l e 
Consequently, the reciprocal coefficient region of CV^ U 
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Proof ■ Alexander’s type of relation between the classes CV^. 
and the method of proof of Theorem 4.5.5 enable us make the 
assertion of the theorem. 

Remark . It can be verified that the regions Theorem 4.5.5 

and fl, , in Theorem 4.5.4 are related by 
1 4 

Examples . It follows from Theorem 4.5.4 that the functions 

z/(l + E z^'^/<25)"~^). Z/<1 + E z^"/<-50>""^) are in the 

n=2 n=2 

class CVj. 



CHAPTER V 


COEFFICIENTS OF RECIPROCALS OF CERTAIN ANALYTIC FUNCTIONS 


5.1 A function f in the class of normalized (cf. Section 1.1) 
functions analytic in the unit disc U. with f<z) 0 in the 

punctured disc U\{0>, may be expressed as 

(5.1.1) f(z) = ^<9) = -f- ; in U, 

gv z ) 

CD 

where g<z) = 1 + Z b z in U. Such a function g is uniquely 

n=l 

determined and we call it the reciprocal function of f in U. The 
largest <n-l )-dimens ional region formed by the ordered 
<n-l> - tuples <bj .bj, .bj , . . . ,b^_j ) , where y<g> is in a certain 
class of univalent polynomials of degree atmost n (n ^ 5> with 
univalent Gelfond-Leontev derivatives in U. is called the 
reciprocal coefficient region of that class of polynomials. 

In this chapter we continue the study of properties of 
00 

vCg) = z+ Z a z”. z « U vis-a-vis the coefficients Cb 3® , of 
- n n n=i 



1?7 


OD 

g(z> * 1 + r b z when yCg) is in certain subclasses of analytic 
n=l " 

funct i ons . 

Throughout in the sequel we denote, for n > 2. that 

(5.1.2) T- _<D> = Cf e T, <D> ; f(z) * z-a.z^-a ,,z*^^^}, 

^ 1 2 n+1 

(5.1.5) C. <D) = Cf € C. (D) ; f(z> = z-a,z^-a 

• n i 2 n + 1 

where. Tj(D) and C^CD) are as in Definitions 1.4.15 and 1.4.14. 

For d s n. n > 1. we denote T, ^<D) * T, and C, (D> = C, 

n l.n l.n l.n l.n 

We determine necessary and sufficient conditions in terms of 
the reciprocal coefficient regions for a trinomial V'Cg) to be in 
the classes T. <D> or C, _<D) respectively, n > 2. in 
Section 5.2. 

In Section 5.5. we find the bounds of b . 1 < n < 4. when a 

n 

particular form of ^<g) is in Tj(D) for a special sequence 

OD 

where, g<z) =1+ Z bz.zeU. We determine in Section 5.4 

1 f* 
n=l 

sufficient conditions in terms of Cb 1® , for the function vCg) to 

n 1 

be in the classes S*<A.B). SP^CA.B) .PCA.B) , Sia) <cf. Section 1.5) 
or in a new class ST<K). Some of these results generalize those 
of Reade et al. C1091 and Ahuja and Jain [23. Finally. in 

OD 

Section 5.5. we find necessary conditions in terms of Cb 3 , 

n n=i 

when the function y(g) is in one of the classes C(o). ST<K>, 

S*(a> . SP(X,p). *(a> and C <K> (cf. Section 5.1) respectively. 

01 
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S. 2 This section is devoted to derive necessary and sufficient 

conditions in terms of the reciprocal coefficient regions for a 

trinomial V'<9l <cf, <5.1.1)) to be in the classes Tj 

C, (D), n i 2 (cf. Section 5.1) respectively. 

1 . n 


Me begin with characterizing the reciprocal coefficient 
region of the class -<D). 

i. I X. 

Define the region CDj by 

Dj = C(x.y) € D?^ ; y-2/9 < (x-1/3)^. x > 0 and 

x^ < y < (x+d^/CAdj))^ - (d2/(4dj>>^>. 


Theorem 5.2.1. For the function g(z) = l+ T. with bj , b^ 

n=l 

real . the funct ion \i'(g) = z-a^z^-a^z^ (a^, > 0, a^ ^ 0) j_s j_n the 
class Tj il only if. 


( 5 . 2 . 1 ) 

and 


b.b ,-b„ = <b‘-b,)b^ , 
1 n-1 n 12 n-2 


<bj .b^) € tt>j . 


for n = 5,4...., 


Consequently . the reciprocal coef f i ci ent region of Tj iS. • 

w 

Proof. Let vO) = z-a,z^-a^z^ c T, ,<D) with g(z) = 1 + Z b^z*^. 

C ? 

Now, 


Vn+l-k 

for n 2: 1 with a * 0 for p ^ 4. Hence. 

P 
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For n ^ 3. 


bj ' ®^ 2 ' ~ * 3^^1 


b = a-b , + a-b » b.b^ , + <b,-b,>b 
n Z n-l 3 n-Z 1 n-1 Z 1 n-Z 


This gives the equation (5.2.1) 


Applying the inequality (1.5.1) for V'tgl 
T, ~ (0) . we have 

1 t ^ 

r l- 2 b. 


2 > 4 

z-a^z -a^z in 


b^-bj i min 


d^bj 


This implies. 


2 12 
b^ - I < (bj - j)^ 


*^2 2 *^2 2 
^2 ^ ^^=1 " 4%> - <4§^> • 

which in turn imply that (bj.b^) « IDj - 

Conversely, let the equation (5.2.1) hold and (bj.b^) € IDj . 
00 

for ^(g) = z - Z a z*^. Equation (5.2.1) gives that y(g) is a 
n=2 " 

cubic polynomial. Hence. 


2 3 

y(g) = z-a^z -SjZ 


Since (bj.b^) € . we have 



160 



and 



Now the condition <1.5.1) gives that the function V'<9) « Tj 2 ^iD'> . 
The proof of the theorem is therefore complete. 


Define (Figure 5.2.1). 

DEj = the closure of the domain bounded by the parabolas 

<x+l/5)^ = y-2/9. <x-l/?)^ = y - 2/9 and x^ = y + 1/5, 

and 

2 2 2 
= Ej n C<x.y> €lR :x>0, y>0. x <y<x +x/5). 

Corollary 5.2.1. A function ¥'<9> is in the class ^ with 

GO 

Q<z) = 1 + Z b <b, .b, real), if and only if, the equation 

^ , n it 

n=l 

(5.2.1) holds and 

(bj .b^) « . 

Consequently, the reciprocal coefficient region of Tj £ is E^. 

m 00 2 5. 

Proof. By choosing ^^^*^0=1 * ^”^n=l l^ave ^'^9^ * ^”*2^ -a^z is 

in T, ,(D>, if and only if. ¥'<g> « T .. Now the corollary 

follows from Theorem 5.2.1. 
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Fig. 5.2.1 
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Remark . It can be observed that the equations (1.5.6) and <5.2.1) 
are identical. Further the regions Ej , in Theorem 5.2.1 and 

the region Dj determined by Silverman and Silvia [1593 <cf. 
Section 1.5) are related by ^ Ej = Dj . Thus the reciprocal 
coefficient region of T^ ^ irt^rovement over that of the 

class of normalized univalent cubic polynomials determined in 
[1593. 

Example . It follows from Corollary 5.2.1 that the function 
00 

z/<l+ Z z"/2”) is in the class T, 
n=l 

Next, we characterize the reciprocal coefficient region of 
the class Tj p(D). p> 5 <cf. (5.1.2)). 


Def i ne , for p i 5 , 


ID_ = •j<x, ,x, x ) € : 0 < X, , x^ = 

2^12 p IK 

X - l/(p+l) 
P 

xf S X S X, 

1 P 1 

Theorem 5.2.2. For the f unct i on g(z) = 
for 1 < n i P. p > 5, the function v'(g) 
T- <D) , if and only if . 


: for 2 S k < p-1, 

< x^ - 2Xj/<p+l) and 

(xj-* + dj/<pdp^j))} . 

m 

1 + Z b z" with 

n n 

n=l 

2 P+1 


real 

in 


^iVi 


- b. 


= <br-b„>b„_^ 

1 p n-p 


(5.2.2) 


for n i p+1 , 
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and 


<b, , b, b ) € E>- 

I c p c 


Consequent 1 y , the rec i proca 1 coef f i c i ent regi on of T, (D) i_s 1D». 

* • p 

OD 

Proof. Let = z - T a z'^ « T. (D> with a. = a =0 for 

— n l,p K 6 

n-z 

3 ^ k ^ p, s ^ p+2 . Now, for nil, 

n-1 

b = Z b.a ,, .. 

" k=o 

Hence . 


b, = 


a^ and b^ = bj 


Assume that b = b*?' for 1 ^ m < q where q c W and q ^ p-2 . Now. 
m i 


So « 


^ q +1 “ *^1 


b- = b? for 1 S i S p-1 and b = b? + a . , . 

11 pi p+l 


For n i p+l , we have 


b =b,b ,+a.,b 
n 1 n-1 p+l n-p 


This gives the equation (5.2.2). 


2 p+l . 

Applying the inequality (1.5.1) for ^'<9) = z-a^z -ap^jZ'^ in 


Tj(D), we have 
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"l-2b. 


b - b!r S min 
P 1 


^2^1 


which irr^:>lies 


1 2b, 

W 1 1 

^ - ^1 ■ ^ 


b^ 5 b, (b^‘^ + — > 

P ^ ^ PVl 


Thus, we have (b, ,b- b > € D_. 

1 L P Z 

Conversely, let the equation (5.2.2) hold and the point 

<b, , b, b^> € D, , for 

1 Z p z 

00 

V/(g> = z - r z € u. 

For n > 1 , we have 


®n+l ^ ‘^n ■ ®k^n-k+l 


Hence 


a^ = bj and a^ = 0, 


Let p > 3. Assume that a = 0 for 3 < s < j where, 3 <j :£ p-1 

9 

and j € W. Now, 





16 ? 


Therefore . 


= 0 for 4< m< p. 


Now 


®P+1 


S 




It is easily seen that the last equation is true tor p = J also- 
i no use of the equation (5,2. 2) and induction, we get that 

y<g> = 2 - a - a 

2 P+1 

The po int (bj,b 2 t>-.t b^) e and the cond ition (l.?.l> give 
that ^('(g) € Tj(D). Hence the proof of the theorem is complete. 

Next, we characterize the reciprocal coefficient region of 
the class Cj ^(D> <cf. (?.l.?)). 

Def ine 


ID 


5 



(x.y) 


R' 



Theorem ?.£.> For the function g<z> = 

2 5 

real . y<g> = z-a^z "* 5 ^ ® 2 ^^^’ — 


<x - + -gy , X > 0 and 


^2 2 ^2 2 
>' * <8d;> ^ <x " 55f> 


} 


w 


1 + Z b„z" with b, .b, 

n ' 1 z 

n=l 

and only i f . the equation 


Cbj.b^) € IDj. 


<5.2.1) holds and 
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Consequently, the reciprocal coefficient region of the class 
Cj 2<D) 1. ID,. 

Proof ■ Follows on the lines of the proof of Theorem 5.2.1 with 
the inequality (1.5.2) replacing the inequality (1.5.1). 

Remark . It can be observed that the regions Dj in Theorem 5.2.1 
and Dj in Theorem 5.2.5 are related by IDj £ D)j . 

Define (Figure 5.2.2), 

Ej = {(x.y) € : X > 0. - 5/9^ ^ y - 5/9^ < (x-2/9)^ 

and 0 < y £ x^ + x/6j. 

Corollary 5.2.2. An analytic function V'(g> is in C. . with 

00 ’ ^ 
g(z) = 1 + r only if, the equation 

n=l 

(5.2.1) holds and 

(bj .b^) « Ej. 

Consequently, the reciprocal coefficient region of Cj ^ 

Proof . By choosing -Td hsive ¥'<9) = 2 -a,z^-a,z^ is 

^n=l n=l ^ ^ 

in C^ only if. V'<9> « *"12* corollary 

follows from Theorem 5.2.5. 
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Fig. 5.2.2 


X 


16B 


Remark . It can be verified that the regions in Corollary 5.2.1 
and Ej in Corollary 5.2.2 are related by 

*^5 ^ ‘^2- 

Example . It follows from Corollary 5.2.2 that the function 
a> 

z/(l + E z^/4"> is in the class C. 
n=l 

Next, we characterize the reciprocal coefficient region of 

the class C, <D) , p> 3 <cf. <5.1.5>). 

1 1 P 

Def i ne . f or p > 3 , 

ID, = ■r<x,,x-....,x > € ; 0 < X,. X. = x!^ for 2i kS P“l. 

4»"1Z p IKi 

X - (p+l)“^ < X, <xf ^-4<p+l>“^> 

p 11 

and xj* < Xp < Xi<Xj ^ + d^/ <P^dp^j > )} . 


OD 

Theorem 5.2.4. For the function g(z> = 1 + E b^z with b^^ rea l 

n = l 


2 P+1 

for 1 < k < p. p ^ 3. the function ^<9) = z-a^z -a^^jZ is in 

C. <D). if and only if. the equat i on <5.2.2> holds and 
1 . P 


<bj .b 


2 * 


, . .b^) € ID, . 
P 4 


Consequently, the reciprocal coefficient region of Cj p<D> is ID^. 


Proof. Follows by using the method of Proof of Theorem 5.2.2 with 
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the inequality (1.5.2) replacing the inequality (1.5.1). 


Remark . It can be verified that the regions ID^ in Theorem 5.2.2 

and n>. in Theorem 5.2.4 are related by 
4 


ID 


4 


£ ID 


2* 


5.3 In this section we find the bounds of s , 1 < n £ 4. when a 

particular form of ¥^<9) (cf. (5.1.1)) is in the class Tj(D> 

(cf. Definition 1.4.13), for a special sequence Cd^>®_j where 
00 

g(z) = 1+ Z b in U. 
n=l 

OD 

It is known C150] that for f(z) = z - Z a z" € T (cf. 

" = 2 

(1.4.2)), a, < 1/2. Thus if. r<g> « T. (D) with g(z) = 1 + Z b z . 
2 ^ n=l 

as its reciprocal in U, then it follows that 


(5.3.1) 0 < bj < 1/2. 

since Tj(D) £ T. The function 

00 1 n -1 

(5.3.2) t(z) = z(l + Z (2 ^z)") 

n=l 

gives sharpness in the right hand side inequality of (5.3.1). The 
left hand side inequality of (5.3.1) is sharp in the sense that 
every b^ 5 0, there exists a function 

00 

y(g) = z/g(z) = z/(l+ Z b^z") € Tj(D>. 

n=l 
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Thl-fc can be seen with the help of the functions 


<5.3.5) 
in Tj<D). 


h<z> = z(l + Z (bjZ)*^) ^ = z-b.z^, 
n=l 


Next we consider cubic polynomials V'Cg) in 

special sequence Cd^l and find the bound on the 

n 

series coefficient b^ of g<z). 

2 T 

Theorem 5.3.1. For the f unct i on ¥'<g> = z-a^z ~a^z 

00 

5d, ^ 2d, and g<z) = 1 + Z b z*^ in U. we have 

L 7 , n — — 

n=l 

(5.3.4) 0 < b^ ^ 4~^ . 

The sharpness in the upper inegual i ty of (5.5.4) i s 
the function t<z) given by (5.3.2). 


Proof . By the inequality (1.5.1) we have. 


b, - 


bj S min 


1 - 2b, 


^^ 2^1 

2d, 


When 0 < bj S 2dj/<5d2 + 4dj>. we have 


d^bj l-2bj 

-Tsr^ - ~T- 


< bj < 1/2 


Tj(D) for a 
second Taylor 


e Tj<D), where 


attained for 
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Consequent 1 y . 


b, - 


^1 ^ TH7 


2 *^ 2^1 

‘>2 ® ‘’l * Td7 < 


When Zdj/CJdj + 4dj) S b S 1/2. ue have 


'-"'=1 , ‘‘ 2'>1 
J ^ “J3J • 


Therefore, we obtain that 


1 - 2b, 


b, - b- < 


^2 ^ 



Hence the theorem is proved. The lower inequality in <5 

sharp in the sense that for every y > 0, there exists a 
00 

g<z) = 1 + Z *^2 ~ that ^(g) € Tj<D) and i 

n=l " 

polynomial. This can be observed with the help of the 
h<z) given in (5.3.3). 


Next we consider a trinomial ¥'<g> in Tj(D> for a 
sequence and find the bound on the third Taylor 
coefficient, b^ of g(z). 


.3.4) is 
function 
s a cubic 

funct i ons 

special 

series 
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Theorem 5.3.2. For the f unct i on ^'^9^ = z-a,z^-a,z^ « T, <D) where 


CD 


4d- £ 3<y6-2)d. and g(z) = 1 + Z b z'^ in U, we have 

- rt '■■■■■■- 

n=l 


(5.3.5) 


0 < bj < 8'^ . 


The f unct i on t(z> def i ned in <5.3-2) gives sharpness i n the upper 
inequal i ty of (5.3.5). 

Proof . By the inequality (1.5.1), we have 


b^ ■St min 


r 1 - 2b, 


‘^2^1 


When 0 < bj ^ 3d^/<2<Zd2 + 3d^)>. we have 


^2^1 1 


Consequent 1 y . 


3 ^2^1 
^3'^1 - ’ 


h < h’ + < i 

^3 ~ ‘^l “Td^ ^ 8' 


When 3d^/<2<2d2 + ^ *^1 “ 

1 "z*’! 

1 ^ 
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Hence, we obtain that 



bj i ^<l-2bj > . 


b 


5 


< b 




Thus the proof of the theorem is con^lete. The lower bound is 

sharp in the sense that for every e > 0 , there exists a function 
00 

g(z) = 1 + Z b, = €. and ^< 9 ) = z-a,2^-a,z^ € T. (D> . This 

n=l " ’ 2 4 1 

can be seen with the help of the functions h<z) defined in 

(5.5.5) . 


Next we consider a trinomial v'<9) in Tj and find the bound on 

CO 

the fourth Taylor series coefficient, b, of g(z> = 1 + Z b z^ 

n=l 

which gives that, for trinomial ^(g) € Tj , the bound b^ £ 1 / 2 *^ may 
not be true in general for n > 1 . 

2 5 

Theorem 5.5.5. For the funct ion ¥'(g) = z-a^z "S^z € T^ and 

00 

g(z> = 1 + Z b^z" jn U, 
n=l 

(5.5.6) o<b^S5|^. 

The function ^<( 9 ) = z - < 2 / 5 )z^ - z^/25 = z/<l + (2/5>z + 

9 % 4 

(4/25)2 + (8/125)z + (41/625>z + ...) gives shaprness in the 

upper inequal ity of ( 5 . 5 . 6 ). 

Proof . By the inequality (1.5.1), we have 



374 


r 1 - 2b, 


b. - 


bj £ min 


TTT 


Mhen 0 < bj 5 2/5, we have 


bj l-2b, 

nr — 5 — 


b - b^ < ^ 

4 - 10 ' 


4 . ^1 


41 




When 2/5 :S bj S 1/2, we have 


(1 - 2b > b 

1^1 

5 


Consequently. 


2b 


^ b- - 


1 1 < 41 

^ T ^ 6lT 


Hence the proof of the theorem is complete. With the help of 
functions h<z} defined in <5.3-5> it can be seen that the 


bound of b. in <5.5.6) is sharp in the sense that for every 

® n 

there exists a function g<z) = 1 + T b^z . b^ = c 

n=l 

in Tj . 


the 
lower 
> 0 . 


, and y'(g) is 



17 > 


Fmally, we find a bound on the second Taylor series 
coefficient of g(z) when « jj is not necessarily a 

polynomial . 


5-5. 4. L*^ « T.|(D> and ft s sup Ed /n3. If ft < oo 

^ ° r^E " _ o ’ 

and 0 < bj < then 


0.5.7) 


0 < b^ < 


^o"'^5 

4d, 


Se_t ft - sup tb 2 • V'(g) € Tj<D)5. 1 f i n add i t i on to the above 


conditions . 2d^ > then 


(5.5.8) 


1 - ^o + =^5 

4 - - 4d, 


00 


Proof . We have b, = a,, + bf^ where vCg) = z - Z a in U. 

^ ^ n=2 " 


Th i s 


and the inequality (1.4.18) together give that 


b 


2 



+ 


1 ^ 

4 


by using the inequality (5.5.1). 
(5.5.7) . 


This gives the inequality 


By using Theorem 5.5.1. we obtain the inequality (5.5.8) and 
this completes proof of the theorem. 
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Corollary 5.3.1. If y,(g) « jj then 0 < < 5/12. Set. 

ft • sup fb^ : V'Cg) € Tj}. Then. 1/4 < ft < ^/IZ. 

Proof . The corollary follows from Theorem 5.3.5 by choosing 

Cd }® , to be the sequence Cnl® 

n n-i n=l 


5.4 We determine sufficient conditions in terms of the Taylor 
series coefficients of g(z> for the function w<g) 

(cf. (5.1.1)) to be in the classes S*<A.B). SP^(A.B). P<A.B). *(a> 

(cf . Section 1.3) or in a new class STCK) defined in this section. 

Define. 

ST(K) s Czf' ; f e C(K)>. 

where 1 2: K > 0. and C(K) is as in Section 1.2. It is easily seen 
that the class STCRj.R^) S STCl/R^) for 1 < R^ < ®, where 

ST(Rj,R 2 ) is as in Section 1.2. 

We begin with deriving a sufficient condition for the class 
ST(K) . 

00 

Theorem 5.4.1. Let f<z) = z/(l + E b z'^) in U. b^ ' s are complex 
„ 

and 

00 

E (n+l)|b I < 1-K 
' n' 


where 0 < K < 1. Then, f « ST<K). 
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Proof. By putting f(z) = 2/g<z> in U. we have 


Re . |9i£>| Re <1 - 52;^> 


|f<Z)|f(2) 


g<z) 




C|g(z>| - ]zg'<z>|) 


jz} n=l n=l 


= (1 - Z (n+1) lb I > 

|z| n=: ' 

> > K 

hi 


in U\Co}. Thus the theorem is proved. 

Next a sufficient condition is determined for the 
SP^CA.B) <cf. Section 1.5). 

OD 

Thereom 5,4.2. Let f(z> = z/<l + Z b_z^) . z « U. b_' 

• , n n 

n=l 

complex . -1 < B < A < 1, and X ^ real wi th |Xj < n/2 . Ijf 

coefficients b 's satisfy 

n 

(5.4.1) Z (n+|(B-A> cos X - n B e‘ j) |b^| < (A-B> cos X 
n=l 

then . f is in the class SP^(A,B). 


class 

s be 
the 
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Proof . By setting, 


.iX zf' (z) 

• - 

COS X 


s in X 


1 +Aw( z> 
T+KTTiT 


MS have 


w<z> = 


^ iX _ . n 

e Z nb z 

•I n 

n = l 


00 


<B-A)cos X + Z C<B-A>cos X - Bne*^> b z” 
n=l " 


jw<z)j < 


CO 

Z nib I 
n=l * 


00 


(A-B)cos X - Z I (B-A)cos X - nBe 
n=l 


iX, 


ni 


< 1 


in U. by the condition (5.4.1). Thus. w<z) is analytic in U. 
w(0> = 0 and |w(z}| S 1, Now. in view of the mapping properties of 
the function <1+Az)/{1+Bz> . (cf. Section 1.5). the theorem is 
proved. 

Taking A = (l-2p) and B = -1. 0 < p < 1 in Theorem 5.4,2. 
the following sufficient condition for the class SPCX.p) 
(cf. Section 1.5) is obtained. 
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Coi 0 .1 .1 *ry 9.4.1 (Ahuja and Jain C2}). If f(z) = z/<l + Zb z") 

n=l " 

in U, b^'s are complex, X is real with jXj < n/Z and 

^E^<n + |ne‘ - 2(l-p> cos Xj) jb^j < 2<l-p> cos X 
then f € SP<X ,p) . 

Taking X = 0 in Theorem 5.4.2, the following sufficient 
condition for the class S*{A,B> <cf. Section 1.3) is obtained. 

m 

Corol lary 5.4.2. If f<z> = z/<l + Z b z"). z € U. b 's are 

n=l " " 

complex, -1 S B < A < 1, and the coefficients b *8 satisfy 

n 

00 

Z <n+|B<l-n>-Aj > jb^j < A-B 
then, f € S (A,B). 

Remark . For A = 1 - 2a, B = -1, Corollary 5.4,3 gives Theorem 1 
of Reade et al. C109]. 

Next a sufficient condition is determined for the class 
P<A,B> <cf. Section 1.3). 

00 

Theorem 5.4.3. If f<z) = 1/(1 + Z b z*^), for z € U. b 's are 

— n n 

complex . and 

00 

Z <1 + jAj) |b^j < A-B 
n=l 


<5.4.2) 
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”1 S B < A 2£ 1, then f c P<A,B). 


Proof. By setting. 


Me have 


f (z> 


1+Aw<z) 

i+Bw<z) 


w(z> = 


00 

Z b z'' 

n=l 


00 


B-A-A Z b z" 
n=l " 


Further . 

CD 

Z lb I 

jw(z>| < — < 1 

A-B - |A| Z |b I 
n=l 


in U, by 

the coefficient condition 

(5.4.2). Thus 

ana lytic. 

1 w<z} 1 

in 

U and w(0} = 

0. Hence, f 

foil ows . 



00 

b z^> . z € U, b 
n ’ n 

Corol lary 

>.4.5. 

For f<z> = z/(l + Z 

n=l 


CD 




(i > 

ii ^ 

IM ^ 

1, then f e «(a) , 0 < a < 1/2. 


n=l 



(i i > 

00 

ii ^ 

n=l 

1^1 ^ 

^ . then f € 
a 

S<a>. 1/2 < a < 

Proof. The corollary 

follows from 

Theorem 5.4.5 


w<z) is 
€ P<A,B) 

8 complex. 


and the 


observation that for A = 1-Za. B = -1 we have f « S<a> 


i f and 
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only if. f/z « P<A.B) . 


5.S In this section necessary conditions are determined in terms 
of the Taylor series coefficients b^' s of g<z) when the function 
V'(g) (cf. <5.1.1)) is in one of the classes ST(K) (cf. Section 
5.4). S (a). SP<X,p). S(a> and C^<K) (cf. Section 5.1). 

We begin with proving a necessary condition for functions in 
the class ST(K) of special form. 


Theorem 5.5.1 if ^/(g) = « ST<K). b 's are complex 

a? n 

' * 

n=i 

and 0 < K < 1 . then 


(5.5.1) 


<D 

Z (n-1) 
n=2 



< 1-K. 


CD 

Proof . For f<z) = V'^9> = z/g(z) = z/(l + Z |b Iz^), z e U, we 

, » n * 

n=l 

have 


Re zf* (z) _ (g(z) - zg' (z)) |g(z)| 

f<z> |f<z)| g(z) |z| 

> K 

in U\C0>. by the Alexander type relation between the classes C(K). 
ST<K) and the local minimum property (1.2.54) for the curvature. 
k(f;z). Thus, for z « (0,1), we have 
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00 

Re [1 + Z <l-n> |b ] z" ] > Kz. 
n=2 


By letting z tend to 1 along the positive reals, we obtain the 
inequality <5.5,1). 


CO 

Remark . For r<a> ~ z/d + £ |b |z”) c ST<K> . the inequality 

n=l 

(5.5.1) is stronger than the inequality (1,6.2) of Prawitz C1053. 
where 0 < K < 1 and b 's are complex. 


Next a necessary condition is derived for functions of 
particular form in the class SP(X,p) (cf. Section 1,5). 


OD 

Theorem 5.5.2. If ^(g> = z/(l + Z |b Iz^) € SP(X,p), b 's are 

I n' n 

n- i 

complex X j_s real wi th jX| < n/2, 0 < p < 1, then 


OD 

<5.5.2) Z <n-l+p) |b^| < 1-p. 

n=l 


OD 

Proof . For f<z) = V'<g) = z/<l + Z jb^fz") e SP(X.p). we have. 

n=l 


iX, 


OD 


„ e*^ zf' (z) _ o- 

Re Re 


e ■( Z (l-n)jb |z") 
n=2 ' 

1 ^ 

n=l 


> p cos X 


in U. Now letting z tend to 1 along positive reals, the 
inequality (5.5.2) is obtained. 
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Remark . The inequality (5.5.2) is stronger than the inequality 

€0 

(1.6.2) of Prawitz [105] for functions V'(g) * z/(l + E lb Iz*^) 

n = l 

in SP(X.p), when s are complex. 

Taking X * 0 and p - a, in Theorem 5.5.2 the next result is 
obtained. 

OD 

Corollary 5.5.1. If v'<9> = z/(l + E jb |z^) c S*(a) . 0 S a < 1 . 

n=l 

and b^' s are complex, then 

a> 

(5.5.5) E (n-l+a) lb I < 1-a, 

' o' 


Remarks . (i) Necessary condition (5.5.5) and sufficient condition 

(1.6.4) suggest that an analytic function 

00 

y(g) = z/(l+ E |b |z ), z € U. b 's are complex, is in the class 
n=l " " 

S*(a),l/2 5 a < 1, if and only if, the inequality (5.5.5) holds. 

(ii) It can be verified. for functions 
00 

V'(g> = z/(1 + E lb |z*^) in S(a) (cf. Section 1.5). 1/2 < a < 1. b 's 
n=l " " 

are complex, that 

< 5 . 5 . 4 > Z |b|£i3. 

n=l 


Thus, in view of (ii> of Corollary 5,4.5, a necessary and 

00 

sufficient condition for the function v»(g> * z/(l+ E |b |z"), 

n=l 
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b 's are complex, to be in *(a). 1/2 i a < 1, is that the 

n 

condition <5.5.4) hold*. 


Next we determine a necessary condition on the first two 

® n 

Taylor series coefficients b. and b^ of g<z> = 1+51 b^z when the 

^ n=l 

function V'Cg) e C <K) <cf. Section 5,1). 

01 


Theorem 5.5.5, For v/<g) 
a < 1 . we. have 


m 

z/<l + s: 

n=l 


b z") € C <K>. 
n a 


0 < 


K < 


1 . 


(5.5.5) 


< (1-a) <1-K) 


and 

1 - K - |bj j^Cl-a<l-K/2>5<l-a) 
(5.5.6) \^ 2 .\ - l-K/2 

Both the inequalities are sharp . 

<D 

Proof. For f<z) = z + 51 a^z" = ¥'<g>. we have. 

n=£ 

m 

2 

bj = -a^ and “ *2 ~ ^5' 

By Theorem 5.3.5. we have that 

ja^l^ ^ (1-a)^ <1-K). 


By substituting bj 


in this, we obtain the inequality 


(5.5.5). 
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By (?.>.9>. we have 



1-Za/y . 2 , 

I -a ®2 ' 


1 - - K 

___ 


Hence . 


5 

Tr=5T 




g 



1 - ja^j^d-a)"^ - K 
__ 


5 

1-a 




(a^l ^(l-a<l-K/2)><l-a> 
__ 


2 

Now by substituting b^ tor a^ - a^ and bj for -a^ in the last 
inequality we obtain the inequality (5.5.6). The functions 
(<l+az)^"'^-l>/(<2a-l>a)) for a 1/2; e*^a“^ log (l+az) + b for 

a = 1/2 and e‘^(l- jaj z + b. with K = » « U\{0}. 
b e C and ^ e (R give sharpness in the inequalities (5.5.5) and 
(5.5.6). This completes the proof of the theorem. 


Finally in this section, we determine a necessary condition 
in terms of the Taylor series coefficients of g(z) when 
(cf. (5.1.1)) is in the class C(a) (cf. Section 1.4). Set. b^ = 1. 


OD 

Theorem 5.5.4. If. w<g> « C(a). 0 < a < 1 with g(z) » 1 + Z b^z" 

n=l 

in U, then 


(5.5.7) 




1-a 


(n+l)(n+l-a) * 


n = 0,1,2,. 


CO 


k nk 


The inequality is sharp for 9„(z> = 1+ [(l-a)/(n+l Xn+l-a)] z 
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z/ 9 ^(z> = 


((l-a>/C(n+l )<n+l-a>)>z 


n+ 1 


U. 


Proof . Since V'Cg) « C(a> it has the Taylor series expansion 

CD 

y(g) = z - E a ^ 0, z c U. By the definition of g<z>. 


0.5.8) 




for n St 1 where b = 1 . 

o 

First we show that is a sequence of nonnegative real 

numbers . 


It follows from the equation (5.5.8) that bj = a^ O- Now 

n 

assume that b^^ > 0 for l<k<n, neW. Since, ^ ®^n+2-k 

k 0 

and s are nonnegative, we have b^^j ^0. This proves that 

{b > is a sequence of nonnegative real numbers, 
n 

By the inequality (1.4.8), we have 
‘^l ■ ^2 ^ 2(2-a) ■ 

This proves the inequality (5.5.7) for n = 1. 

Now, let the inequaltiy (5.5.7) be true for n, satisfying 
l<n<k, keW. Then, 

(5.5.9) b^^j = b^ a^^2-n " (n+l)(n+l-«) “k+2-n- 


Set. for n i 2, 
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a = X * ^ 
n n n(n-a> ' 


00 

For = z - r a C(a>, it is necessary 

n=2 " 

OD 

(cf. Section 1.4) that Z n(n-a) a < 1-a. Thus 

n=2 " 


X 2: 0 
n 


for n 2; 2 and 


(5.5.10) 

The inequality 


k+1 

Z 

n=l 


(5.5.9) 


k+1 


< 


< 


^+1 ^ 1 


is equivalent to 


k 

5* \ ^ 

r, k+2-n (n+i ) (n+1 -a) 

n-u 

/ 1 \ •< 

^ ^ 5* X 

(k+2)(k+2-a) k+2-n 

n=0 

(1-a) 

(k+2)(k+2-a) ■ 


1 -a 

(k+Z-nXk+i-n-a) 


The second inequality holds since 

(n+l)(n+l-a)(k+2-n)(k+2-n-a) i ( 1 -a) (k+2 ) (k+2-a) 

for 0 S n < k and the last inequality holds due to (5.5.10). This 
proves the inequality (5.5.7) for n = k+1 and the proof of the 
theorem is complete by the induction argument. It is easily seen 
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that BharpnBBS of (5.5.7> is attained for the function ^/(g ) 

ri 

where is as in the statement of the theorem. 



CHAPTER VI 


SUPPORT POINTS AND DISTORTION PROPERTIES OF CERTAIN SUBCLASSES 

OF ANALYTIC FUNCTIONS 

6.1 In this chapter we determine the support points, growth 
theorems and distortion theorems for the following classes of 
analytic functions: 

The Class T ( b . d^ . ) : 

Let b, d^ > 0 and be any sequence of positive 

numbers. Set. 

(6.1.1) T<b.dy.CB^>) = Cf(z> = 2 -bz^ - T a^z**^ € T: Z B^a. 

ks=5 ^ k=2 ^ 

< d^b). 

For convenience in the presentation of our proofs, throughout in 
the sequel we use the notation TCb.d^.B^^) = T<b , d^ . CBj^) > . 

Clearly, the class Kb.d^.Bj^) £ T and therefore, 0 < b < 1/Z 

(cf. (1.4.2), C1343). Further, if B^^ ^ kd^^^j , k = 2.3,4. ; where 

Cdj^)®_j is a non-decreasing sequence of positive nun^ers. then the 
functions in the class Kb.d^.B^^) have univalent Gelfond-Leontev 
derivatives in the unit disc U (cf. (1.4.19)). Thus, in 
particular, if B|^ik(k+1). k = 2,3,4, .... then the functions in 
the class T(b.d 2 .Bj^) have univalent derivatives in U. 
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Throughout in th« sequel, we denote, 

(6.1.2) T(b. = Cf « T<b.d2.CB^)) : B^ ^ ‘^'^k+1 * ^ ^ ' 

where, 0 < b < 1/2 and {dj^}®_j is a non-decreasing sequence of 
positive numbers. Thus, the inequality (1.4.19), gives that the 
class T(b,£dj^}.B|^) £ Tj(D) and T(b,Ck>,Bj^) £ Tj (cf. Definition 

1 .4.1?) . 

It is easily seen that, for 0 < Bj^ < Cj^. k 2: 2 , the class 
T(b,d 2 .Cj^) £ T(b.d 2 .Bj^). Similarly. if d^ £ d*. then the class 

T(b.d2.Bj^) £ T(b.d*.B^). 

For special choices of the parameters b.d^ and B^^, the class 
T(b,d 2 .Bj^) reduces to subclasses of certain known classes of 

functions. Thus, the class T( ( 1 -a) /(4-?a) , 2, (k+l-a)/(l-a) ) is 

# 

the subclass of T (a) (cf. Section 1,4), consisting of functions f 
with fixed second coefficient jf"(0)j/2! = (l-a)/(4-?a) ,0 < a < 1. 
The class T( (l-a)/2(?-2a) , 2, (k+1 ) (k+l-a)/(l-a) ) is the subclass 
of C(a) (cf. Section 1.4), consisting of functions f with fixed 
second coefficient |f"(0)|/2! = (l-a)/2(5-2a) ,0 < a < 1. In fact, 
for positive numbers b.d^, with d^b < 1 and a sequence of positive 
numbers have 

(6.1.?) T(b,d2.Bj^> = Fp(CBj^_j>) ; p = l-d^b 

where, F (CB, ,1) is the class introduced by Ahuja and Silverman 

p K* 1 

(cf. Section 1.4,C?3). 

In the case d^b £ 1, the extreme points, growth theorem and 
distortion theorem for the class T(b,d 2 »Bj^) were found in t?3. 
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But, when d^b > 1, the extreme points, growth theorem and 

distortion theorem for the class are not known. The 

techniques of Ahuja and Silverman E>3 can be carried over to show 
that the results and their proofs of the extreme points, growth 
theorem and distortion theorem for the class Kb.d^.Bj^) when 
d^b S 1, continue to hold good when d^b > 1. However, determining 
the support points of the class T<b.d 2 ,Bj^) has not been atten^sted 
at all so far. 

The Class CCb.d^.B^^): 

Let b.d^ > 0 and be a sequence of positive numbers. 

Set 

(6.1.4) CCb.d^, CBj^>) = C f eC; zf* e T( 2b , d^ . 2Bj^/<k+l > ) > . 

For convenience in the presentation of our proofs, throughout in 

the sequel we use the notation CCb.d^iB^^) ~ CCb.d^ » CB^^J) . 

Clearly C(b,d 2 .B^> SC and therefore. (cf.<1.4.8>, C1301) 

0 < b < 1/4. Further, if B^ > k^d^^^ . k = 2.5.4 where 

/H is a non*decreas i ng sequence of positive numbers, then the 

k k = l 

functions in the class C(b.d 2 ,Bj^) have univalent convex 

Gelfond-Leontev derivatives in the unit disc U <cf. (1.4.20>>. 

Thus, if B^>k^(k+1). k = 2,3.4. ...; then the functions in the 
class C(b.d,.B^> have univalent convex derivatives in U. 

tm 

Throughout in the sequel, we denote. 

(6.1.5) C(b,(dj^>.B^) = Cf € C(b.d2.tB^)): B^ ^ ^ ' 

where b > 0. ® non-decreasing sequence of positive 
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numbers and ** • sequence of positive numbers. Thus. the 

inequality (1.4.20) gives that the class C<b.Cd^>,B^) £ Cj (D) and 
the class C(b.Ck}.Bj^) £ Cj <cf. Definition 1.4.14). 

In the case cl 2 b S 1, the extreme points, growth theorem and 
distortion theorem for the class C<b.d 2 .B^) are contained in the 
work of Ahuja and Silverman C53. But. when d^b > 1, the extreme 

points, growth theorem and distortion theorem for the class 
CCb.d^.Bj^) are not known. The techniques in C5] can be carried 
over to show that the statements and proofs of the extreme points, 
growth theorem and distortion theorem for the class CCb.d^.B^) 
when d^b 5 1, continue to hold good when d^b > 1. However, 

determining the support points of the class C(b.d 2 .B^) has not 
been attempted at all so far. 

The Class Afn.Mj^l: 

For a sequence • n * 1,2 of nonzero complex 

numbers, set 

<6.1 .6) ACn, CM. >1 = Cf(z)=z + Z a^z*^ e A-. Z M. a. < 1 ; 

k=n+l k=n+l ^ 

for aj^ X! 0, arg a^^ = -arg M^l. 

For convenience in the presentation of our proofs. throughout in 
the sequel we use the notation ACn, Ml = ACn. CM >3. 

It is easily seen that for nonzero complex numbers, 

with arg Mj^ = arg and jMj^l ^ |Nj^| for k > n+1 , the class 

ACn.Mj^l £ ACn.Nj^l. 
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If < -k, then by the inequality (1.2.6). the clase 
<6.1 .7) A(n.M^} £ T 

and, if c C and jM^^j > k then, by the same inequality (1.2.6), 
the class 


( 6 . 1 . 8 ) 


ACn.Mj^) £ S . 


For € C with 0 < jMj^j < k; k i n+1 , the clase ACn.Mj^) may 

contain nonunivalent functions also; consider, for example, the 

function g„(r) * /M . , , 1. 

n n+1 

From the definition of the class A(n,Mj^>. nonzero corr^lex, 

® k 

it follows that if f<z) = z + H ACn,M. ), then 

k=n+l 


l‘kl ^ ^ - '’**• 


and the functions z + z ♦< ^ n+1, show that this inequality is 

sharp . 

With real and negative. the class ACn.Mj^) has been 

considered earlier by several workers. Thus, if < 0. the class 
ACn.Mj^} reduces to the class A<n,C-Mj^)> (cf. Section 1.4). 
introduced by Sekine C1243. For 0S«<1, 0<^^1 and 0 S ^ 1, 
the class 

(cf. Section 1.7) was investigated by Owa and Aouf L923. The 
classes 

U A{l.e*^^‘^"^^^"”V<l-«>) = * , 
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U All * R 

ft4dR “ 

<cf. Section 1.4> for 0 < a < 1, were studied by Srivastava and 

Owa [1461. The classes 

U A£1 = SV . 

U ACl . (k-a>e‘^^^"^^^"”^/<l-a>> * SV*(a> 

<cf. Section 1.4) were considered by Silverman C1551 for 0 i « < 1 
Further, for positive numbers b.d^.Bj^, where k 2: 2 , bd^ ^ 1 

0 < b < 1/2, the class (cf. <6.1.1>> 

<6.1.9) T<b,d 2 .B^) = A <1, n T<b) 

where 

(6.1.10) T<b) = CfaT: f(z) = z-bz^- ...in U>, 

= (l-d 2 b)/b, and = ®k-l * * 3.4,5, ... 

Similarly, for positive numbers b.d^.Bj^ where k i 2, bd^ ^ 1. 
0 < b i 1/4, the class (cf. (6.1.4)) 

C(b.d 2 ,Bj^) = ACl.-Mj^J n C n T(b) 
where, C is as in Section 1.4, T(b) is as in (6.1.10), 

= <l-d 2 b)/b, and = ®k-l’ • 

We denote 

(6.1.11) A*£n,Mj^} = Cf « ACn,CMj^>>: jM^^j i k>. 

Thus, from containment relation (6.1.8) we have that the class 

A*£n.Mj^> £ S*. 



19 > 


In Section 6.2. the extreme points of the clese Afn.M^^J ere 
determined. In the same section, the dess A^<n. consisting 
of functions with two fixed points 0 and z^. -1 < z <1. is 

introduced and its extreme points are determined. Section 6.5 
contains the description of support points for the classes 
T<b.fd^).B^). C(b.Cdj^).B^) and A*tn.M^>. We also determine the 

support points of the class consisting of functions 

having two fixed points 0. z^ in -1 < z^ < 1 and satisfying ^ k 
for k ^ n+1. The results in Section 6.4 are devoted to finding 
growth and distortion properties for the classes ACn.Mj^J and 
^o^'^’^k '^o^ ' final Section 6.5, bounds on b. are obtained 

CD ^ 

when z/<l o** CCb.d^.B^). Finally. in 

this section, the radii for starl ikeness . convexity etc.. in the 
class ACn.Mj^} are also determined. 


6.2 It is easily seen that the class ACn.Mj^> is convex. The 
following result is needed to determine the extreme points of the 
class ACn.Mj^): 

Theorem 6.2.1 Let 



< 6 . 2 . 2 ) 
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where 


and 


CD 


Xj ^ 0, ^ 0 for k i: n+1 . X + Z X = 1 

^ k=n+l ^ 


1/k 


1 im sup si 


k-M» 


Proof . Let a function f(z) be expressed as in <6.2.2) 


oo 

f(z) = X f <z> + Z X f <z> 

k=n+l 

- ^ ? ^k k 

k=n+l k 

® k 

s z + Z A z*^ . 
k=n+l 

The limit superior condition gives that f(z) is analytic 
Further , 

arg = -arg 


for A|^ ^ 0 . k 2: n+1, and 


CD 

Z 


CD 


M A = Z X. = 1-X. < 1 
k=n+l ^ k=n+l 


Hence, f € A{n,Mj^}. 


Conversely, let a function 

CD 


( 6 . 2 . 3 ) 


f<z) = z + Z a^z 
k=n+l 


be in ACn,Mj^>. Thus, 


CD 


( 6 . 2 . 4 ) 


k=n+l 


Put X|^ = Mj^a^ for k n+1 and 


w 


X = 1 - z X 
^ k=n+l 


Then , 


in U. 


1 
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Thus, from the inequality (6.2.4), we have 


OD 


X. i 0, X. 2: 0 for k i n+1 ; X, + H 


^ k=n+l ^ 


Further, using (6.2.5), 


00 


f( 2 ) = X f (z) + T X (z + ^) 
^ ^ k=n+l ^ ”k 


00 


= X f (z) + r x^ f^(z). 
k=n+l 

This completes the proof of the converse part, and the proof of 
the theorem is complete. 


Remark In [953, Owa et al . proved that for < 0, 

oo 

f(z> = X f (z) + Z X f ( 2 ) where X > 0; X. > 0 for k > n+1 and 

k=n+l ^ 


X- + Z X. = 1, if and only if, f e ACn,M^). However, a 
^ k=n+l 

condition that f(z) is analytic in U is additionally required for 
the validity of ’if* part of the result of Owa et al . as shown in 
the proof of Theorem 6.2.1. 


Theorem 6,2.2 The extreme points of the class ACn,Mj^> are the 

f unct i ons fj and fj^, (k i n+1) _iri the class ACn.Mj^l. 

Proof . Clearly, the functions f ^ . fj^. (k ^ n+1) are in the class 

ACn,Mj^J. First we show that the functions fj and fj^ (k > n+l> are 

extreme points of the class ACn,Mj^l. 

Suppose that the function f. is not an extreme point of 

* k 

ACn.M, 1. Thus there exist distinct functions g.(z) = z + Z a,, .z 
k * k=n+l • 

in ACn,Mj^l, i = 1 , 2 . and 0 < t < 1 such that 
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<6.2.9) fj(z) » tgj<z) + <l-t) g^Cz). z « U. 

By comparing the coefficiants of z^ (k 2: n+1) on both sides 
of the equation (6.2.9), we have 


or 


‘-K.! ♦ 


*k,l = »k.2 ■ ”■ 


0 . 


Hence. gj<z) and g^tz) are identical which is a contradiction. 
Thus, fj is an extreme point of the class ACn.Mj^l. 

Similarly, it can be easily verified that the functions f^^ 

(k ^ n+1) are extreme points of the class ACn.Mj^). 

Conversely, let a function g. distinct from f j . f^, (k 2: n+1), 

be an extreme point of the class ACn.Mj^l. Theorem 6.2.1 gives that 

there exist i 0, k i n+1, such that 

00 

X. + Z X. = 1 and for z e U 
^ k=n+l 

00 


(6.2.6) g<z) = X,f,(z) + Z X f^<z). 

^ ^ k=n+l 

Since the function g is distinct from f j . f^^ <k > n+l), there 

exists an m, m = 1 or m 2: n+1 such that 0 < X^ < 1. First let 

m = 1. Then <cf. (6.2.6)), for z e U. 

CD X 

g(z) * X,f,(z) + (1-X ) Z f. (z) 

1 k=n+l ^ ^1 

= Xjfj(z) + (1-Xj) h(z) 

where, h « ACn.Mj^) (cf. Theorem 6 . 2 . 1 > and f j . h are distinct. 
This contradicts that the function g is an extreme point of the 
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class ACn.Mj^). A contradiction is similarly arrived at in the case 
^ ' Thus the proof of the theorem is complete. 


Remarks 1. Choosing 


1 and 


* -k(l+^^)/<l+p>/3(l-a) , 


Theorems 6.2.1 and 6.2.2 give the analogous results for the class 

"■ ^ <cf. Section 1.7> found by Owa and Aouf 

[92 3 where. 0<a<l. 0</3<l,0£/i<landki2. 

2. Choosing < 0, Theorems 6.2.1 and 6.2.2 give the 
corresponding results for the class ACn.-M 1 = A<n, C-M >> 

rV lx 

(cf. Section 1.4) found by Owa et al . [953 where n = 1.2.5. ... 

5. For a sequence B = consisting of subsets of 

nonzero complex numbers such that each B. , k > n+1. is contained 
i© 

in a ray z = te . 0 < t < ®. define 

« . 

<6.2.7) ^<n,B) = Cf(z) = z + £ € X: 3 a sequence CB. 3® , , , 

k=n+l K=n+l 

Ot> 

®k * ®k’ ®k ®^k ” ®k' ^ ®k*k ” 


where , 


n = 1 . 2 . 5 . ... 


The class j4(n.B> is more general than the class ACn,M|^} 

(cf. <6.1.6>>. In fact, for B = . the 

K K=n+l K k=n+J 

class ifCn.B) = ACn.Mj^} . The class i4<n.B> is convex. It is not 
known whether results analogous to Theorems 6.2.1 and 6.2.2 hold 
for the class >4(n.B>. 

Now. we define a class of functions analytic in U. that have 
two fixed points in U and determine the extreme points and support 


points of this class. 
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The Class A (n.B. i • 

Q 1^,^^/. 


Let. for -1 < 2 ^ < ], 


>4Cz^) = {f e A: f<z^> = 2^. f' (0) ^ OJ. 
For > | 2 ^|. k > n+1. n = 1.2.3. .... define 


(6.2.8> A^<n. B^. 2 ^) = Cf(z) = a.z - r a z^ « ACz ) 

^ M n K O 


k«n+l 


8] > 0. aj^ > 0. k > n+1 . Z B^a^ < a,>. 

k=n+l ^ 

The class A^(n.Bj^. 0) n Cf € A: f' (0) = 1> is same as the 
class A(n . C -Bj^3 > < cf . Section 1.4). B^^ > 0, of Sekine studied in 
C124]. The classes 


. ,, k-a . 

A <1. T— r. z > = S <a, 2 > 
o 1 -a o 0 0 


. ,, k(k-a) X .X r 

^o -F3— • ^o^ = •<o^“- ^o^ 


were studied by Silverman (cf. Section 1.4, £1313). where 0 < a < 1 


and -1 < 2 < 1. 2 ^ ^ 0. The classes 

o o 


A„ <n. (k<B+l>-<A+l))/(B-A>.z ) = S,<A.B.z ), 

O O 1 O 

A <n.k<k(B+l>-<A+l>)/<B-A >.2 > = K,(A.B .2 ). 

O O 1 o 

(cf. Section 1.4) were considered by Lakshma Reddy and Padmanabhan 

C68] where. -1 < A < B S 1. For k = 2.3 0 < Cj/dj < a. 

A„ <1. (c,,-ad^>/(c, -ad, ) ,z^> = FCs.g.a.z ] 

O K K i i O O 

(cf. Section 1.4) was investigated by Mishra and Sahu £833 where 
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CD 


CD 


s<z) = Z c^z and giz> * Z d z are in A, (c. /c, )-(d^/d, ) 
k = l ^ K I K 1 

Further, let -1 < < 1. n = 1.2.5 B. > 0 . k 2: 


and f € i4(z^>. Then, 


(6.2.9> f € • it and only if. f/f' (0) « ACn. 


It follows from the definition of the class. A <n.B. .z > 

o k o 

00 

if f<z> = a.z - E a z*^ e A„<n.B. .z„). then 
^ k=n+l o k o 

0 < < aj/Bj^. k 2: n+1 

and the functions (B^z-z‘^)/<Bj^-z^‘^"^ ) . k 2: n+1 . show that the 
bound of aj^' s is sharp, for each k > n+1. 

It is easily seen that the class A <n,B, ,z > is convex. 

O K O 

following result is needed to determine the extreme points of 
class A (n.B, .z ) : 

O K O 


Theorem 6.2.5 Let Bj^ > |z^| > 0. k > n+1. n = 1,2,5, 

-1 < z^ < 1, 


<6.2.10) -I 


fj<z) = z. 


B. 


fk<z> = 


FT ^ ■ 

B. -z_'' ^ B..-ZJ 


~FT ^ • 


k > n+1 . 


k o 


k o 


Then . a function f € A^ ( n , Bj^ , z^ ) . |_f and only , 


w 


f(z> * X,f,<z) + E X ^ (z). 
^ ^ k=n+l 


> 0 . 
n+1 . 

that 


upper 

The 

the 


( 6 . 2 . 11 ) 
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where 2: 0. ^ 0. k ^ n+1 . X + Z X = ] ^ 

k=n+l 

lim eup <X /(B. -z ^ 

k-^oo kko -^■ 


Proof . Let f <z) 


OD 

Z 

k=n+l 


Xj = 1 - 


®k »k ^ *1 


00 

Z X 


k=n+l 
The proof of the 


of Theorem 6.2.1 


k 

= ajZ - Z m z € A <n.B. .z„>. Then. 
k=n+l o k o 

. Thus. X|^ E for k i n+1. Set 

Then. Xj > 0 and f<z> is of the form (6.2.11). 

converse part is similar to that of the 'if' part 
and is omitted. 


Theorem 6.2.4 The extreme points M the class A (n.B, .z ) with 
n.Bk.Zo ^ J_n Theorem 6.2.5. are the f unct i ons fj and fj^ 
<k > n+l), defined in (6.2.10). 

Proof . The proof of the theorem is similar to that of 
Theorem 6.2.2 and is omitted. 


Remarks 1. Choosing n = 1, and B^^ = (k-a)/(l-a), 0 < a < 1. 

Theorems 6.2.5 and 6.2.4 give the analogous results for the class 

Ajj ( 1 . (k~oi) / ( 1 -«) , z^ ) = (oi.z^) (cf. Section 1.4) found earlier 

by Silverman C1513, where -1 < z <1 and z ^ 0. 

o o 

2. Choosing n = 1 and = k(k-a)/(l-a) . OS a < 1, 

Theorems 6.2.5 and 6.2.4 give the analogous results for the class 

A (l.k(k-a)/(l-a).z„) * K^(o.z^) (cf. Section 1.4) found earlier 
o o o o 

by Silverman Cl 51 3, where -l<z <l,z 0. 

o o 

5. Choosing B^ = (k(B+l) - <A+1 ) )/(B-A) . -1 < A < B < 1. 

Theorem 6.2.5 gives the analogous result for the class 
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A^<n .B. . 
o k 

z > = 
o 

S (A.B.z^) (cf. 

i o 

Section 

1.4) 

found earl i er 

Lakshma 

Reddy 

and Padmanabhan 

[683. Theorem 

6.2.4 gives 

extreme 

points 

of S, (A.B.z ) . 
i 0 





4. Choosing Bj^ = k(k(B+l )-(A+l ) >/(B-A) , 

-1 < A < B < 

Theorem 

6.2.? 

gives the corresponding 

result for the c 

A <n.B. . 

O K 

z > = 
o 

K,<A.B.z ) (cf. 
i o 

Sect i on 

1.4) 

found earlier 


Lakshma Reddy and Padmanabhan C683, Theorem 6.2.4 gives 

exteme points of K,<A,B.z >. 

1 o 

?. Choosing dj^>/(Cj-a d. > , where 

CO flO , 

s<z> = 2 c and g<z> = 2 d.z^ are in A, <c. /c, )-<d. /d, ) 


by 

the 

1 . 
lass 
by 
the 


> 0 . 


0 S o S (Cj/dj>. Theorems 6.2.? and 6.2.4 give the analogous 

results for the class F Cs.g.a.z^] <cf. Section 1.4). z real. 

o o 

0 < < 1 obtained earlier by Mishra and Sahu E853. 


6.3 We begin with determining the set SuppCT<b. fd^l .Bj^)} 

consisting of the support points of the class T<b, {dj^l ,Bj^> . 

Theorem 6.?.1 Let 0 < b < 1/2 arid B^^ > (k+1 )d2b/<l-2b> . k > 2. 

Then. 


<6.?.1> SuppCT(b. Cdj^l.B^)} = Cf € T (b.fd^l.B^); 


2 * ^k k+1 

f(z) = z-bz^ - d,b 2 B— 2 *^ , X. ^ 0, 

^ k=2 \ 

o 

2 < 1 and X . = 0 for some j > . 

k=2 ’ 


Proof . Let the function f^ be in the class T<b. Cdj^l ,Bj^> and let 

2 ® k+1 

f <z> = z - bz^ - d,b 2 ^ z*^ , 

o ^ k=2 ®k 


z c U 
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where ^ 0 , 

QD 

^ X < 1 , and X . 
k=Z J 

» 0 

for some j t Z. 


* 1 and bj^ = 0 for 

k ^ 

y, k ^ j+l . then 


lim sup jb < 1. 

k ^ 00 


Then, with the help of (1 7 2> uio rto.ftn« 4 .^ 4 .- i- 

ui we Define the continuous linear 

functional J(f) given by the sequence Cb >® Thus. JCf > = 1-b 

K K “ i O 

and that J<f) = 1-b-^i .d^b/B . for all 
2 00 

f(z> = z-bz - d^b E 12 ^ z^'‘’^/Bj^ « T (b.Cd^J.B ). with > 0 and 

k-2 l\ K K 

OD 

E < 1 . Now, it follows that ReCJ(f>} < Re{3<f >J for all 

k=2 o 

f € T(b.{d^>.B^) since f € T <b.Cd^}.B^>. if and only if. 

f(z) = z - bz - d-b E AI z*^^^/B^. where ai. 2t 0, E ij, < 1. 

^ k=2 ^ k,2 ^ 

Further, since f .(z> = z-bz^ - d^bz^'^^/B. « T<b. Cd^> .Bj^> , we have 
that J<f .) = I“b“d 2 b/B. < J<f^). This incites that f^ belongs to 
SuppCT(b.Cdj^>.B^>>. 

Conversely. let f^ e SuppCT(b, Cd|^> . Bj^) > . Then, there exists 
a continuous linear functional J on 4 such that ReCJ<f)} is non- 
constant on the class T(b. fd^^} .Bj^) and 

Re CJ<f^)> = max CReCJ(f)>: f e T(b. Cd^^J .B^> J . 

Define the class 

G s Cf € T<b.Cd^}.Bj^> : Re CJ(f>> * maxCReC J<g> > ; 

g € T<b.Cd^}.Bj^)} = Re J 

The class G is closed, convex and locally uniformly bounded. Thus 
G is compact. Since f^ « G, by Krein-Mi I'man Theorem, Ext £G> is 
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nonempty. The function, f ,nd 9 . .nd, 
the function tf f <l-t> g * g. we h.v. thet f .nd 9 
EytfG) S Eyt(T(b.(d^ 3 .B^>j e Cf^,^, . 


for 0 < 
are i n 


t < 1, 
G. So 


f|^<2) = z - bz^ - d^b z*^^^/Bj^. k ^ 2>, 
Since ReCJ<f)} js non-constant on the class T(b. Cd^^) .Bj^> , we have 
that ExtfG>^ExtCTCb.Cd,>.B,». Thus there exists an integer 
j > 1 such that the extreme point of T(b.{d^}.B^> f . does not 
belong to ExtCG>. Let n be the smallest of such j-s. 

Suppose n > 1. in this case, f^ « G gives that 


fjj(2> = z-bz^ - d^b Z ^ 


o 

^ k=2 

®k 

00 

k^n 


where X^^ > 0 and Z X < 1 . 

k=2 

Thus f 

o 

is in the class on the 

kJ^n 




right hand side of the equality <6.5,1). 


Now. consider n = 1. Here. 

ExtfGl £ Cf. e ExtCKb. {dj^l.Bj^)}; j > 2>. 

Since Bj^ tends to gd as k goes to oo, and G is closed. there are 

only a finite number of f s in ExtCGl. Hence. for z « U. 

00 eo 

f (z) = Z X. f (z). 3 X. > 0 , Z X. = 1 . and the fact that f 
k=l k=l o 

is in G. gives that f^ is in the class on the right hand side of 
the equality ( 6 . 5 . 1 ). Thus the proof of the theorem is complete. 


Remark. For b. d^ > 0 . d^b < 1 and Bj^ > (k +1 Id^b/d-Zb) > 0, 

k ® 2 . 5 ....; Theorem 6 . 5.1 gives the support points of the class 
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T(b. p * i-d^b where Fp<CB^_j>) is the class 

introduced by Ahuja and Silverman (cf. Section 1.4, C33). 

The following result gives the set. Supp£C(b. {dj^> .B^>5 
consiting of the support points of the class C(b. Cd^l ,B^> . 

Theorem 6.5.2 Let 0 < b < 1/4 and B. ^ <k41)^ d,b/(l-4b> for 

k ^ 2 . Then , 

SuppCC(b. Cdj^l.Bj^} = Cf € C<b.Cd|^>.B|^>; 

k V ,k+l 

• vZ/ “ 2*^132 *“0^0 21 y —' Z t 

^ k=2 ®k 

OD 

X. >0, Z X <1,X.=0 for some j>. 
k=2 ’ 

Proof . The proof of the theorem is similar to that of 
Theorem 6.5.1 and is omitted. 

« 

Mhile finding the support points of the class A Cn,M|^} with 
< 0. Owa et al.C95] used arguments wherein it is essential to 
show that ExtCGj} S * ExtCA*Cn.Mj^)} , k n+1 . k x: j 3 

where. Gj s Ext CA*{n,M|^3}: Re * ReJ(f|^)3 for f^ in 

SuppCA* Cn,Mj^)> and some j ^ n+1. Though the result of Owa et al . 
is true, the arguments in their proof contain an error since the 
above containment relation is not true in general as shown by the 
following example; 

The continuous linear functional 

CD 

J<f) s .jt ^ for f<r) « A 

gives that fj(z) s z « SuppCA for < Of fj ^ ExtCGjJ 
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but fj «r ExtCA*{n.M^)}: k i n+1. k j> for any j ^ n+1 

such that Re J(f.) < Re jhere does exist at least one 

} ^ n+1 . for instance, j = n+1, such that Re JCfj) > Re 

In the following result the set SuppCA*Cn,Mj^> 1 consisting of 
the support points of the class A*Cn.M^5 for any arbitrary 
sequence of nonzero complex numbers is determined. The 

theorem of Owa et al . (Theorem 3. C933> follows as a particular 
case from our result and the arguments in the proof of our theorem 
correct the erraneous arguments in that of Owa et al. 

Theorem 6.3.5 

* ♦ CO X. . 

(6.5.2) SuppCA Cn.M. }> » {feA Cn,M. >; f(z> = z + Z Ji 

k=n+l ”k 

OD 

Xj^>0, Z X^<1,X, = 0 for some j >. 
^ k*n+l ^ 

00 X. 

Proof. Let a function f(z> = z+ Z -JS € A*Cn,M. ) with 

^ k=n+l ”k 

00 

X,^ ^ 0 . Z X. S 1 and X . = 0 for some j. Define 
k=n+l ^ 

bj = 1. b. = . bj^ = 0 for k > n+l, k ^ j. 

00 00 

Now by setting J(g> = Z a^b. for g(z) = Z a.z*^ c A, (1.7.2) 

k=0 k=0 

gives that 3 is a continuous linear functional on A. Now 

y j 

J(f) = 1 and J(f.) = 1-1/|M.| < J(f) where f.(z) » z + ^ is in 

J ' J J Mj 

« 

A fn.Mj^). Thus ReCJl is non-constant on A Cn.Mj^). For the 

® k * 

function g(z) = z + Z a,^z belonging to A Cn.M. 1. we have 

k=n+l ^ 

J(g) = l-|a.j < J(f). Thus f « Supp{A*{n,M|^>) . 
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Conversely, let f c SuppCA Then there exists a 

continuous linear functional 3 on ^4 such that Re{J> is non- 
constant on A Cn.Mj^) and ReC3(f>> ^ Re{3{g>> for all functions 
g c A*{n.Mj^). Define 

G = Ch € A Cn.Mj^): ReC3(h>} * jax Re (J</)> = Re {3(f)>J. 

/cA 

The function f € 6 and so G is non-eir^sty. In addition, G is 
closed, convex and locally uniformly bounded. Thus, G is corr^act . 
Now by the Kre i n-Mi 1' man theorem ExtCG} is non-enpty. When 
0 < t < 1 and tg + (l-t)h e G with functions g and h in A*Cn,Mj^), 
we have the functions g and h are in G also. So Ext€G> is 
contained in Extf A*Cn.Mj^}} . 

Since RefJ} is non-constant on A Cn.Mj^}. we have Ext{G> is 
strictly contained in ExtCA*{n.M|^>} . Thus. there exists an 
int«ger j > 1 such that f . «r ExtCG>. Let m be the smallest of 
such j' s . 


When m > 1 , we have 

Ext CG} S Cfj« Ext £A*Cn,Mj^}3; i i n+1 and i ^ m} U Cfj>- 

Thus from Theorem 6,2.1, it follows that, the function 
00 

f<z) = z + Z 


^ \ i, ® 

^ z with X. > 0. Z X. < l.X =0. Hence, f 
k.ntl “ k-n+I '' 


is in the class on the right hand side of the equality (6. 5,2). 
When m = 1 . we have 


ExtCGl S {f.€ ExtCA*Cn.Mj^}}: i i n+ll. 
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Theorem 6.5.3. 

6. Choosing * <k-a>e ‘ < <^-1 >/?-n ^ 0<a < 

Theorems 6.2.1 and 6.2.2 give the analogous results for the class 
ACn.M^) - SV (cf. Section 1.4) obtained earlier by 

S i 1 V 6 C133^3 Sind "tiHA m ^ 

ana the support points of SV are described 

by Theorem 6.3.3. 

For n = 1.2,5 -1 < < 1 , ^ 0, denote 

\<n,Bk.Zo> = Cf«A(n.Bk.z^> ; B^ i2: k. k 2: n+1 > . 

The follwing theorem gives the set. Supp tA*Cn . B^ . z^) J consisting 

of the support points of the class A*<n.B z ) 

o k ’ o ' 

Iheorern 6.3.4 Let n = 1.2.3,...; -1 < < 1 . z ^0. Then 

^ CO 

Supp C ( n , J sr C ( n t , z )z'f(z)-f^ (0)z'“'f^ (0) X ^ 

° k=n+l ^ 

CD 

~ ^ 1 ^nd X; =0 for some il. 

k=n+l J 

Proof. The proof of the theorem is analogous to that of 

Theorem 6.5.3 and is omitted. 


Remarks. 1. Choosing n = 1. and B^ = <k-a>/(l-a), 0 < a < 1, 
Theorem 6.3.4 gives the support points of the class 
Aod . (k-a)/(l-a) .z ) = S*Ca.z ) <cf. Section 1.4) where -1 < z <1 . 


2. Choosing n = 1, and B^ * k(k-a>/<l-a) . 0 < oi < 1. 
Theorem 6.3.4 gives the support points of the class 

A^<1 ,kCk-o)/(l-oi) ,Zjj) = K^<a,z^) (cf. Section 1.4) where -1 < z^<l , 
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z ^ 0. 
o 

Choosing = <k<B+l )-(A+l ) >/(B-A) . -1 < A < B < 1 . 

Theorem 6.T.4 gives the support points of the class 

Ao<n,B|^.z^) = Sj<A,B,z^) <cf. Section 1.4> which was introduced by 
Lakshma Reddy and Padmanabhan C68]. 

4. Choosing B^^ = k<k(B+l >-(A+l > >/<B-A) . -1 < A < B < 1 . 

Theorem 6.5.4 gives the support points of the class 

A <n.B. ,z > = K,<A.B,z > (cf. Section 1.4) which was introduced by 
O K O i O 

Lakshma Reddy and Padmanabhan [681. 


6.4 In this section growth and distortion properties of 
functions in the classes ACn.M, > and A <n,B. ,z ) are studied. 

Theorem 6.4.1 il f c ACn.Mj^l and |M|^] < •< ^ • then 

n+1 

(6.4.1) Max (O.r- -rn r > - ^ r+ jj 

l^n+ll I n+1 

in the unit disc U. The inequal ity is sharp for - i- 


n+1 


Proof. By Theorem 6.2.1, a function f € ACn.M. 1 can be written as 


CD 


(6.4.2) f(z> = X-f,(z) + I X.fj^(z). 

^ ^ k=n+l 


z c U 


OD 


Where X > 0, X^ > 0 . k > n+1 . X, + Z X = 1 and the functions 
1 ^ ^ k=n+l ^ 


f.(z). f,.(z) (k > n+l> are as in (6.2.1). Thus 

X 


r (1 


- TpAt " ^ S r <1 . J 

l"n+ll k-n+l I n+1 I k. 


CD 

z X ) 

n+1 




n+1 
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which gives the inequality (6.4,1) 


The function z+z /M 


gives equality on the right hand side of (6.4,1) at the point 

i (argM^ , - )/n 
I I n+l 

z = |z| e . The same function gives equality on the 

KargM .,+n)/n 

left hand side of (6.4.1) at z = |z|e when 1. 

Remarks . 1. It follows from Theorem 6.4.1 that for the class 

ACn.Mj^} with n+l < |Mj^j < k > n+l. n = 1.2,5 the 

Koebe domain is { w « C ;|w| < ( 1 -1 / | j ) ) . 

2. The Growth theorem for the class 

U .,, i ( (k-1 )/?-jr> . 

ACl .e * /(l-a)3 = S . 

(cf. Section 1.4) 0 :S a < 1. found earlier by Srivastava and 
C1463. follows from Theorem 6.4,1, 

5. The Growth theorem for the class 


U ACl .ke‘^^‘^"^^^"”V(l-a>> = 


(cf. Section 1,4) found earlier by Srivastava and Owa [1463 
follows from Theorem 6.4.1. when 0 £ a < 1. 

4. The Growth theorems for the classes 

U ACl.ke’^^*^'^^^""^! * SV 


U ACl.<k-a>e*^^‘'‘^^^‘”^/<l-«>J » SV*(«> 

/ 3 ^ 

Icf. Section 1.4) 0 £ o < J fourid earlier by Silverman [1553 
follow from Theorem 6.4.1. 
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Next we determine the bounds on the growth of functions in 
the class (cf. C6.2.8)>. 

Theorem 6.4.2 il f « ' ^o^ ’ ®k+l ^ ®k ^ l^ol > ^ ^ ' 

n = 1.2.5.... -1 < < 1. then . 

n+1 n +1 

<6.4.5) Max <0, f' <0) (r - k >> i |T<z> j < f' <0) (r + ^ > 

n+1 ®n+l 

in itm y * sc U where |z| = r. The ineoual i tv i s sharp for S 1. 

Proof . The theorem follows from the relation (6.2.9) and 
Theorem 6.4.1. The function (cf. (6.2.10)) gives sharpness 

on the right hand side of (6.4.5) at z = jzje*”'^'^. The same 
function gives sharpness on the left hand side of (6.4.5) at z=|zj 
when 5: 1. 

Remark. For f e S,(A.B.z ) or K,(A.B.z ) (cf. Section 1.4). the 
1 o 1 o 

upper bound in (6.4.5) is better than that found by Lakshina Reddy 
and Padmanabhan C681. The lower bound in (6.4.5) is smaller than 
that found in C683. For the sharp function the upper bound in 
(6.4.5) and that found in [68} are same. Similarly, for the sharp 
function the lower bound in (6.4.5) and that obtained in £68} are 
same . 

Next, the bounds on distortion of functions in the class 
ACn.Mj^} are found. 
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Next we determine the bounds on the growth of 
the class <cf. (6.2.8)). 


functions in 


Ihearem 6.4.2 H f « i 8 > |z | > 0. k £ n+1 , 


n = 1,2,5,.., “1 < < 1 , then . 


(6.4.5) Max (0, f' (0) (r - 


n+1 


g )) < |f(z)j < f' (0) (r + 


n+1 


n+1 


¥ 


n+1 


in i. b ,. § £}..i ^ ^ U where |z| = r. The i negua 1 i tv is sharp for B ^ 1. 

n-t-l 


Proof. The theorem follows from the relation (6.2.9) and 
Theorem 6.4.1. The function (cf. (6.2.10)) 9 ives sharpness 
on the right hand side of (6.4.5) at z = jzje*”'^'^. The same 
function gives sharpness on the left hand side of (6.4.5) at z=jz( 
when > 1. 


Remark. For f € S,(A,B.z ) or K,(A,B.z ) (cf. Section 1.4), the 
1 o 1 o 

upper bound in (6.4.5) is better than that found by Uakshma Reddy 
and Padmanabhan [683. The lower bound in (6.4.5) is smaller than 
that found in [683. For the sharp function the upper bound in 
(6.4.5) and that found in [683 are same. Similarly, for the sharp 
function the lower bound in (6.4.5) and that obtained in [683 are 
same . 

Next, the bounds on distortion of functions in the class 
ACn,Mj^> are found. 



214 


Theorem 6.4.5 H f e ACn.Mj^) and |Mj^/k| S /(k+1 ) | . k 2: n41 . 

n = 1,2.5 'fchen . for z j_n the uni t disc U, 

n 


(6.4.4) Max <0. 1 - 


(n+l>r' 


y;?b.ere jz] = r. The inequality jje sharp for > n+1 . 


Proof. We have (cf. <6.4.2>). for z e U, 

f' (z) = 1 + Z kX 
k=n+l 

QD 

where X > 0. Z X. < 1 . Hence. 
k=n+l 


1 . . <n+l)r 


n 


M^ 


\K 


n+1 1 '■'n+l 

which gives the inequality (6.4.4). Equality in the right hand 
side in (6.4.4) holds for the function z + 


n+1 


at 


i (argM^^j )/n 

z - r e . Equality holds in the left hand side of 


(6.4.4) for the same function at z = r e 


n+1. 


i(argM^^j+ n)/n 


when 


Remarks . 1 . 

For Mj^^j/(k+l) < 

Mj^/k < 0. k > n+1. 

Theorem 

6.4.4 

gives the 

distortion bounds 

for functions in 

the 

class 

ACn.M > a 

A(n.{-M 1) (cf. 

Section 1.4) found 

earl ier 

by 


Sekine C1241 

2. For Mj^ = k ”^/(l-a), « IR, Theorem 6.4.4 

gives the distortion bounds for functions in the class 

U ACn.M. > = R (cf. Section 1.4) found earlier by Srivastava 
/3«IR " 
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and Owa [1463, where 0 < a < 1. 


5* The distortion theorems for the classes 


peR 


U A£l.<k-a)e‘^^‘''^^'’'”V(l-«>> 


SV 

SV*(a) . 


0 £ a < 1. (cf. Section 1,4) found earlier by Silverman [1553 
follow from Theorem 6.4.5. 


Next we determine distortion bounds for functions in the 
class A <n.B .z^) (cf. (6.2.8>>. 

O K O 

Theorem 6.4.4 if f € A^Cn.Bj^.z^) . B^^j/<k+i> > B^/k > jz^j, k>n+3 . 

-1 < z^ < 1 , then . for z jjn the unit disc U, 

(6.4.5) Max (0. f' (0) (1- r")> < If' (z>| < f' (0) (1+ r"> 

®n+3 ®n+l 

where jz| = r. The inegual ity i s sharp when > n+1 . 

Proof. The relation (6.2.9) and Theorem 6.4.5 give the required 

inequality. The function f (cf . ( 6 . 2 . 10) ) gives sharpness on 

riTi 

the right hand side of (6.4.5) at z = jzje*”'^’^. The same function 
gives sharpness on the left hand side of (6.4.5) at z = |^|* 

Next, bound on |f^^^(z)| for functions f in the class ACn.Mj^l 
is found where f^^^z) denotes the j-th derivative of f at the 


point z. 
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Iheorem 6.4.5 H f c ACn.M^). S | /<k+l >^.2 < p 

k n+l . n = 1.2,5 then for z in the unit disc U. 


.< j> 


) 

n <n+i) 


|M. 


n+l 


,m 



n- j + 1 

II 


~ r 

jzj = r, 2 




= 2 + S 3. 2^ 

€E ACn.M. }. 

we have . 

k=n+l ^ 

K 


k=n+l k 

£ kP -!S 

=n+l kP 

00 

®k ■ ^ 

k=n+l 


^k “k 


for integer m, 1 < m < p and 2 < p ^ n+l. Hence 


00 

r 


"" l"kl ^ JM 

For any j with 2 < j < p. 


k=n+l ■' i'n+l 


(n+l > 


m 


00 


} 


f^^^ <z) = Z C n (k+l-i)} a. z*' 
k=n+l i = l 

i } 

for z € U. Further, using the fact that for 11 (k-l + i> = n 

i=i i=l 

^ i -1 j 

j — 2, Z A. (n+l) = n (n+i) (cf. Sekine £1241), we 

i=l i=2 

for z in the unit disc U. 


00 


z^ f^^^ (z)| < Z 


) 

I n (k-l + i)} la. 


. r"*' r f £ Ajk'j |.J 


k=n+l i=l 
w j 


* r 


n+l 


k=n+l 1=1 

j CO 


Z A ( Z k* |a P 
i=l ‘ k=n+l 


S r 


n+l 


Z A. 


<n+l> 

VUJ 


< n+l . 


P. 


< 1 


Ajk*. 

have 
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_ <n+l) i . , . i-1 

- — L-j ■£ ^ (n+1)* 

' n+1' i=l ‘ 

- — _ — L- n <jn+i> 

l^n+ll i=2 

Inhere |z| = r. This gives the required inequality. 

Remark . For < < 0 * Theorem 6,4.5 reduces to the analogous 

result for functions in the class ACn.M 1 = A<n.C-M J) 

8 \ IV 

(cf. Section 1,4) found earlier by Sekine [1243. 

The following result gives an upper bound on jf^^^<z)j when f 
is in A^<n.B^.z^). 


Theorem 6.4.6 If f € A^(n,Bj^.z^> . Bj^/k^ < Bj^^j/Ck+1 k ^ n+1, 
2 i pi n+1, n = 1,2,3, then , for z fn the uni t di sc U , 


|f^’^(z)| < 


) 

f' <0><n+l> n <n+i > 
i=2 


n- j + 1 


B 


n+1 


z! = r, 2 < i < p, 


Proof , 


The theorem follows from the relation (6.2.9) and 


Theorem 6.4.5. 


6.5 This section is devoted to find the radii for properties 

like convexity or starlikeness in the class A{n,Mj^3. The 

convolution (f,*f.,* ...* f )(z). where f. € ACn.M^} is also 
1 2 P I K 

studied in this section. 

First we observe the following necessary condition for 
functions in the classes TCb.d^iBj^) or Ctb.d^.Bj^). 
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CO 

Proposition 6.5.1 If f( 2 > = z/Cl+Ebz") 

n=l " 

CCb.d^.Bj^)) then b^ = b and 


(6.5.1) 


0 < 


^2 ^ 


b(b + ^ ) 


Kb.d^.Bj^) (or 


The inequality is sharp. 

00 00 

Proof. For f(z) = z - £ a z" = z/(l+ E b z*^) c T(b.d...B. > (or 

— O P 1 p 2 K 

n=2 n=l 

C(b . d^ . Bj^) ) , we have bj = a^ = b and b^ = a^bj+a^ 2£ b(b+d 2 /B 2 ) 

which is the assertion of the proposition. The function 
z-bz^ - d^bz’/B^ € TCb.d^.Bj^). when B^ ^ 5d2b/(l-2b> (c C(b.d 2 .B^) 
when B^ ^ 9d2b/(l-4b)) gives sharpness in the right hand side of 
(6.5.1). The left hand side inequality of (6.5.1) is sharp in the 
sense that no better lower bound exists, which can be seen with 
the functions f(z) = z-bz^ « T(b,d 2 .Bj^) when 0 < b i 1/2 

(€ C(b,d 2 .Bj^) when 0 < b i 1/4). 

In the following result the largest r > 0 such that 

Re f' (z> > a, 0 1 a < 1, in the disc jzj < r for all f € ACn.M^^} 
is found. 


Theorem 6.5.1 The radius for Re f' (z) > 0 < r 

class ACn.Mj^J, n = 1,2,3 Is 


(6.5.2) 


(l-r)|\| 

inf ( ST ) 

k>n+l 


Proof . For f € ACn,Mj^) and jzj < r^, where rj is as 

get that Re f' (z) > r* Thus, the radius for Re 

k 

ACn.Mj^J is at least r^. The functions z+z /W|^. k 2: 


< 1 , in the 


in (6.5.2), we 
f' (z) > j' in 

n+1 together 



219 


give that, in fact. Tj is the radius for Re f' (z) > r in ACn.Mj^l. 

Remark . It follows [60] from Theorem 6.5.1 that functions in 
ACn.Mj^l are univalent in the disc jzj < r j . 

Theorem 6.5.2 The radius for star 1 i keness of order y {0 < y < 1) 

in the class ACn.Mj^l. with [M^j > 1 . k > n+1. n = 1.2.5 is 


< 6 . 5 . 5 ) 


*-2 = 


inf < 


k>n+l 


k-r 


OD 


Proof . For f( 2 > = z + Z a,^ z € ACn.Mj^l. Izj < r.. where r- is 

k=n+l K « z i 


as in (6.5.5). we have 


- 1 I 
f<z) ^ I 


OD 

z + Z ka. z^ 

k=ntl 

. ® k 

z + E a z 

k=n+l 


- 1 


“ i 

Z (k-l>a ^z 

k=n-H 

® k 

z+ E a z 

k=n+l 


m 


Z (k -l>|a jr 
k=n+l 


k-1 


00 




k-1 


k=n+l 


<6.5.«) I - 1 I S 


since, for k i n+1 . 

(k-r) r‘'’^ < (1-r) jMj^j 


r <k-r) la^l < (i-r> z a^ < 1-r 

k»n+l ^ k=n+l 


and 
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Mh«re |zj ® r. Inequality <6.5.4> gives that f is starlike of 
order y in |z| < r^. Thus the radius for starlikeness of order y 
in ACn.Mj^} is at least r^ . The functions Tj^<z> = z+z^/Mj^ . with 
IMrI ^ 1 and k t n+1 . together give that; in fact. r^ is the 
radius for starlikeness of order y in ACn.Mj^}. 


Theorem 6.5.3 The radi us for convex i tv of order y < 1) 


1 n 


the class ACn.M } with |M j > k. k > n+1 . n = 1,2,3, 


I s 


(6.5.5) 




k>n+l 


<k-y>k 


00 00 

Proof . For f(z> = z + Z a z € ACn.M 1. Z M a <1. If 

k=n+l ^ k=n+l 

|zj < Tj, where r^ is as in (6.5.5). then r^~^ < ( 1 -j') j j /k(k-j^) 

for k 2: n+1. Therefore J zf "(z) /f ' (z) j < 1-y which gives that 

Re (l+zf"(z)/f' (z) ) > Y- Thus, the radius for convexity of order y 
in ACn.Mj^) is at least r ^ , The functions with 

k i n+1, together give that. in fact, r^ is the radius for 

convexity of order y in ACn.Mj^l. 

Remarks . 1. By taking n = 1, Mj^ = ’^^/(l-ol.k > n+1, 

Theorems 6.5.1 and 6.5.2 give the analogous results for the class 

U ACn.M. 1 = S (cf. Section 1.4) found by Srivastava and Owa 

/3dR ^ " 

C1461 where 0 < a < 1 . 

2. By taking n = 1 . M^ = ke* ^^""^/(l-a) . k > n+1. 

^ e 02, Theorem 6.5.3 gives the analogous result for the class 

U ACn.M^l = R (cf. Section 1.4) found by Srivastava and Owa 
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C146] where 0 < a < 1, 

5. By taking n = 1 . = -k<l+#^>/(l+^)/3(l-a> . k & 2, 

where 0^a<l, 0</?Sl and 0 S pj S 1, Theorem 6.5.5 gives 

# 

the analogous result for the class ACl.Mj^l = P 

(cf. Section 1.7) found by Owa and Aouf [923. 

4. The statements and proofs of Theorems 6.5.1 through 

6.5.5 continue to hold for the class A (n.B, ,z >, n = 1,2,5 

o k o 

®k ^ l^ol ^ • “1 < Zq < 1- Thus. the radius for 

l/<k-3 > 

Re f' (z> > 0 S j' < 1 in A <n,B^,z ) is inf <<l-?')B./k> 

° ^ ° k>n+l 

The radius for starlikeness of order y, 0 < y < 3. in . 

B,^ ^ 1 . k 2: n+1 , is inf (d-^'lB. /(k-j^) Finally the 

^ k>n+l 

radius for convexity of order j', 0 S y < 1, in the class 

A (n.B^,z ) with B^ S: k is inf < <l-y>B^/<k-y)k>^'^^*^ 

0 ° ^ k>n+l 

5. Choosing B^^ = (k-a>/<l-o() . the above Remark 4 gives 
the radius for convexity in the class to.z^) (cf. Section 1.4) 
found earlier by Silverman [1513. 

6. Choosing Bj^ = <k(B+l >-<A+l ) >/<B-A) . -1 < A < B < 2. 

the above Remark 4 gives the radius for convexity in the class 

S CA B z } (cf. Section 1.4) found earlier by Lakshma Reddy and 

1 * * o 

Pac^nanabhan [683. 

The result given below is on the convolution of functions 
in the class ACn.Mj^l. 
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Theorem 6.5.4 J_f f .( 2 ) 


OD 


2 + 2 : a 

k*:n+l 


j z c ACn.Mj^} where 

i " 1.2...., p, 2, then the Hadamard product 


<6.5.6> 


♦ f ) (z> = z + r ( n a. .) z’ 
k=n+l 1*2 


O rh 

j_§. iD JLb® £-L§^s a C n , } . The number the best poss i bl e one 


Proof . We prove the theorem for p = 2, the proof being similar if 


p > 2. The assumption implies that 
C6.5.7> 


QD 

z 


k=n+l 

for i = 1,2. Further, 


^k "k.i ^ ' 


00 


k=n+l 


V *k,l »k.2 ^ 


< < 


00 

z 

M. 

(a, , 

,1/2 
a. .. > 

k=n+l 

k 

k.l 

k,2 

00 

Z 

k=n+l 

^k 

^k.l 

1/2 ® 

> < Z 

k = n+l 


^k *k,2 


1/2 


by Schwarz inequality. Thus, from the inequality <6.5.7), we have 

00 


k=n+l 

This and the relation 


Mk^ »k.l *k.2 - ’• 


*''® ‘*k,l »k.2> ” - •'■3 <”k^> 

k 

together give the required assertion. The functions z+z /Mj^ . 
k i n+1. give sharpness in the sense that the sequence 
can not be replaced by a sequence with |Mj^l - l^lcl • 

arg = arg N^. k ^ n+1 and at least for one m. m ^ n+1. 

JM I < In 1 such that <f,* ... * f^) « ACn.N,^’'*} whenever f. is 

* in » » in » 1 P K 1 

, i 111 A C n f ^ •**»§ P» 
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Finally, Me obtain a result on a special transformation Sp< 2 ) 
on the class ACn.Mj^). 


00 


6.5.5 I_f f <z) * 2 + r a 2 *^ « ACn.M^}.i = 1.2. ...P. 

k=n+l 

p 2 . then the transformation 


(6.5.8) 


00 p 

S (2) = 2 + r < Z af .) 2*^ 

^ k=n+l i=l 


z z 

i s i n the c 1 ass A C n , / p ) . The number Mj^ f p i s the best poss i bl e . 


Proof . The proof follows easily and is omitted. The functions 

Ic 

2 + 2 /Mj^. k 2: n+1 , give sharpness in the sense that the sequence 
Z CD 

'^k ''P'k=n+l can not be replaced by a sequence ^^j<^*-n+l where 

z z 

arg <Mj^/p> = arg Nj^, /p| < atleast for one m, 

2 

m ^ n+1, IM /p| < iN^j such that S e ACn.N. ) whenever f. is in 

* in * • fT5» P K 2 

ACn.Mj^l , i = 1 .... , p . 



CHAPTER VII 


ON THE POSITIVITY OF REAL PARTS OF LINEAR COMBINATIONS OF 

ANALYTIC FUNCTIONS 

7.1 Let ^ f' . f") and ^ ^ (f. f' , f">. where f is in a 

certain subclass of analytic functions in the unit disc U be such 
that V' as functions of z are analytic and Re ^ > 0 in the 

domain under consideration. In this chapter the following types 
of problems are studied. 

<i> To find the largest number p. 0 < p < 1 such that 

Re <^ + V') > 0 in the disc jzj < p. 

<ii> To find the ranges of scalars X and p such that 
Re <X^ + 4Jnf>'> > 0 in the unit disc U. 

Singh and Paul C143] studied Problems <i). <ii) over the 

« 

classes CV or S (1/2) with special choices of functionals ^ and y'. 
They solved Problem <i) with 

<7.1.1) ^ = I . ^ 

9 « 

and ^ = z f"/f. = zf'/f where f is in the class S <l/2) and 

with ^ * 1 + zf^/f' , y* = 1/f' when f is in the class CV. Further, 
they investigated Problem <ii> with ^ = zf'/f.y^ = s^<z.f>/f where. 



f(z> and with 
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<7.1.2) 
where, f 


i 6 


4> * 
in the 


f 

zf' 

class 




CV. 


f' 


In this chapter, we solve Problem <j) with ¥' ®s ir» 

<7.1.2), when f is in the class CV. This problem is also solved 
with in <7.1,1), when f is in the class S*. We study 

Problem < i i ) with 




zf' 


V <z,f) 
n 


00 


when f<z) = Z a z*^ is in the class S*<l/2), V <z,f) being the 
, n n 

n=l 


de la Vallee Poussin mean of order n of f<z). n ^ 1 i.e., 
<7.1 .>) 


n . n<n-l) 2 . 

' H+T ®1^ <nmin+ty *2^ • 


n<n-l)<n-2). .2.1 n 

TTT+TTTlFHTTTTTrjHT 


In Section 7.2, Problems <i) and <ii) are studied for 

« « 

functions f in the classes CV, S <l/2) or S , Sufficient 
conditions regarding Problem <ii> are determined in Section 7.T. 
The results in this section give those of Reade et al. C1091 and 
Ahuja and Jain £23 as special cases. The results in the final 
Section 7.4 deal with Problems <i> and <ii} for functions in the 
class R^, of prestarlike functions of order a <cf. Section 1.5) 
with certain special choices of functionals ^ and yr. 


7.2 This section consists of results related to Problems (i) and 
fii) stated in Section 7.1, when f is in the classes CV. S <l/2) 
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or S . Me need the following reeult of Ruecheweyh and Sheil-Small 
£118] in the sequel: 


If f«CV, g«S and F€><withReF< 2 ) > 0 in the unit 

disc U then, for 2 c U, 

f ( 2 )*(g( 2 >F( 2 )> 


<7.2.1) 


Co<F<U)> 


I < 2 > *g < 2 ) 

where. Co<F(U)> is the convex hull of F(U>. 

The relation (7.2.1) continues to hold when the functions f. g are 
in the class S*(l/2). 


The following result gives solution to a problem of the type 
<ii) for functions feCV. The fact that Re f' < 2 ) > 0 only in the 
disc j 2 j < l/y2 s 0.707 underlines the significance of this 
result . 


Theorem 7.2.1 XI FeCV . then 

<7.2.2, R. > 0 

in the disc j 2 j < p = {tTS = 0.95. The number p XS. the best 
possible one . 

Proof . Let h< 2 ) = (1-2) + (1-2)^, First it is observed that 

Re h(z) > 0 in the disc [zj < p = 47/8 . Me have 

Re h<z) = 2-r^ - 5ru + 2r^u^ s p(u) 

where 2 = re*® and u = cos 6. 

For 5/4 S r < 47/8. we have 

= 0 and > 0 
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»t u *= 3/4r. Hence, 

2 

min ^<u> = f> < — ^ ^ > 0 . 

For r < 3/4. we have 

min f>(u> * ie><l> = <2-r)<l-r) > 0- 
Thus . we have shown that 

(7.2.3) Re h( 2 > > 0 
in the disc |z| < p. 

2 

Now by taking g< 2 > = z/<l-pz) and F<z) = ph<pz> in the 
relation <7.2.1), we have that 

f(z)*Cpz(l-pz)'^ [<l-pz) + <l-pz)^]] 

G<z) s zj 

f <z)*Cz<l-pz) j 

_ r f(p 2 ) 1 I 

■ ^ [ pzf' <pz) f' (pz) J 

takes values in the convex hull of F(U). By the inequality 

(7.2.3) , we get that Re F(z) >0 in the unit disc U so that 
Re G<z) > 0 in U and the proof of the theorem is complete. The 
function Kz) = z/(l-z) shows that the nuriAjer p is the best 
possible one. 

Singh and Singh Cl 42 3 found that for f«S*<l/2). we have 

Re <f(z)/V <z,f)) > 0 in the unit disc U, where V (z.f) is the de 

n ” 

la Vallee Poussin mean of order n of f(2) given by This 

observation is a motivation for our next result. 
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Theorem 7.1.1 Let f«S*(l/2> and 


(7.2.4) 


L(z> »= Re 



zf' (z) 
f (z> 


+ P 


V^(z.f) 
f (z) 


]• 


z € U. n ^ 1 . 


Then . L<z) > 0 jjn the uni t disc U, jjf (i) X>0. fi>Q and at 1 east 
or>e of them nonzero . or ( i i ) p j_B a complex number and 
X > 4n j^«|/(n+l). The result i s sharp for n = 1, Ji_n the sense that 
the ranges of X and p can not be i ncreased . 


Proof. First it is shown that the function 


_ r 5n X, ^ . 5n<n-l> ,, 2. . 

^ ^ [ <n+l)<n+2) (n+1 >(n+2><n+5> ^ 

<2n+l >n(n-l > (n-2 > . . . 2 . 2 n. f X 

(n+l)(n+i).':7(2n><In+lT ^ J ^ 


has Re h<2) > 0 in the unit disc U. In fact. 


Re h<z) > - |p| J <n+iy?n+2> * (n+i RSf^ > <n+5 ) 


2n I I 

‘ T - STT I'^l 

in the unit disc U where jzj = r. Since feS (1/2), by taking 
F<z> = h< 2 > and g(2) * z/Cl-z) in the relation <7.2.1). we obtain 

that Re F(z> > 0 in the unit disc U. which proves the theorem 

under condition (ii). The proof of the theorem under condition <i) 
is easy and is omitted. The function ICz) = z/<l~z) shows that 

for n B 1. the ranges of X and p can not be increased in the 

theorem. 


<2n+l )n<n-l ) <n-2 ) . . . 2 . 1 ,tj._n^ T 
(n+l)<n+2). . .<2n)(2n+l) J 


> 0 


TTF 


For E function f«S , we havE Re {fC2>/z> > 0, only in tha 
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dJBC \x\ < 1/VZ ^ 0.707. By the rotation theorerr [591 for the 
class S , we have Re f* iz} > 0 only m the disc jz| < sin (n/B) 
K 0.38628. These observations underline the significance of the 
following result. 

Theorem 7.2.3 Lf f€S* , then 


(7.2.?) Re [ -1^ + f' ( 2 ) j > 0 

in the disc |zj < p - 1/2, The number p j_s the best poss i bl e one . 
Proof . For a fixed zeU. the functional 
L(f ) = — + f' (2) 

is a continuous linear functional on A in the topology of uniform 
convergence on compact subsets of U. And the set of extreme 
points of the closed convex hull of S . Co<S > is given by (1.7.2) . 

Ext C CoCS*) ) = { — X- : jxj = 1 } . 

<1-X2>^ 

Inequality (7.2.5) being rotation invariant, it is enough to prove 

2 

the inequality for the Koebe function. A(z> * z/(l-z) . in view 

of the Krein-Mil'man theorem (cf. Section 1.7). We have, for 
f(z) = A(z>. 


Re f + f' (z) 1 * Re f y 

L ^ J L (i-z)^ 


1+z 


( 1 - 2 ) 


1 = 2B(u) 

J ■ jl-zj 


for 


B(u) 


? 2 2 2 3 3 

l-3r^ - >r(r -l>u + 6r u - 4r u 


10 


in the unit disc U where z = re and u = cos &. 

For r < 1/3. the function B(u) is decreasing in u. Hence 



2?0 

B<u> ifc B(1 ) * (3-r)^ > 0. 

For r ^ l/>. 

dB . . _ 

<u-) = 0 and — *- <u,) > 0 
Su ^ 

where. Uj = <r-l)/2r. Hence. 

B(u) > B<Uj) * j <3-5r^-2r^> 

= - <3+r )^<r-p> > 0 

for 1/3 S r < p * 1/Z. Thus, the theorem is proved. It is clear 

from the proof that the radius p is the best possible one. 

7.3 This section is devoted to sufficient conditions regarding 
Problem <ii> stated in Section 7.1. 

It may be recalled that a function f in the class of 

normalized <cf. Section 1.1) functions, analytic in the unit disc 

U, with f<z) 0 in U\£0>. may be expressed as f(z> = z/g<z> in U 

00 

where, g<z) =1 + Z b z €£ A . In the following theorem a 

n=l 

sufficient condition is determined in terms of the coefficient 

sequence Cb >** , for the functional Re (X zf'<z)/f(z> + u f(z)/z> 
n n= 1 

to be positive in the unit disc U. Here, we allow Re<zf* (zl/f (z> > 
to take negative values in U. 

OD 

Theorem 7.3,1 Let f(z) = z/(l+ Z b z”) e A. with b 's satisfying 

— , n 1 n ■ * * 

n*l 

OD 

(7.3.1) Z C|X(l-n>-l| + |X(l-n>+l|> jb j S jX+p+1 j - jX+p-1 j . 
n=l 



for X , i_n C and I east one of them is nonzero . Then 
(7.y.Z> 

in the unit disc U. 


r -k <z) . . f (z) , , „ 
Re X ^ _ I > 0 


CD 


Proof. For f(z) = z/g(z> where 9 (z) = 1+ E fa z'^ , we have, 

- n 
n=l 


zf' (z) ^ f (z> 

X - 1 


rFTTT 

T7i7“ 


+ Ai 


z 

TTzT 


+ 1 


X 9 ( 2 >-zg' <z> jj 

g<z) g(2) 

g<z)- 2 g’(z) ^ 

+ g(z> 


+ 2 


X(g(z)-zg* <2> )fp-g<z) 
X<g(z)-zg’ <z> >+/u+g< 2 > 


00 

X+P- 1 + Z (X<l-n)-l)b z 

n=l 


n 


€0 

X+pr+U Z <X<l-n> + l>b z 

% 

11=1 


n 


m 


Thus . 




jX+#.-l ]4 £ jX<l-n>-lj |b^j 
n=l 

OD 

jX 4 ^+l|- £ jX<l-n> 4 l j jb j 
n=l 


zf' (z) , f(z> 

-TTir * ^ -1- - ^ 


. zf' <Z) f<2) 

X -JJJy- + -T- 


4 1 


by the condition (7.>.1). Now the inequality (7.5.5) gives 
inequality (7.5.2). 


the 


Taking X * 1 and /j 
corollary is obtained. 


S 


0 in Theorem 7.5.1, the 


fol lowing 



Corol lary 7.5.1 (Reade at ai . [109]) if f(z) 
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m 

» z/<l + r b z"> e y<, 
n=l " ^ 

and 

(7.5.4> |b,| |bj s 1 

then f c S*. 

Taking X = 0 and p = 1 in Theorem 7.5.2. the following 

corollary is obtained, which is same as the assertion of Part (i>. 
Corollary 5.4.5, for a = 0. 

m 

Q2E.9 J ^ary 7.5.2 For f(z> = z/(l + Z b z") € . if 

n=l " ^ 

then Re (f<z>/z) >0 in U. 

Next a sufficient condition is determined for the functional 
Re < X <l+zf"<z)/f' (z>> + fj zf' <z>/f<z>> to be positive in the 
unit disc U. Here, we allow Re < 1 +zf"(z) /f' <z) > to take negative 
values in U. 

OD 

Theorem 7.5.2 Ljl f<z) = z/<l+ Z b^z") « with b 's satisfying 

1 

m 

<7.5.5) <|X| + |2X+Ai|+Re <X+^>>|b.j +Z < ( jX j + j 2X+/i} )n+Re<X+^i> > <n-2 > } b | 

n®2 ” 

< Re<X+^) 

where X, pi are in C and at least one of them is nonzero. Then 


(7.5.6) Re J X (1+ ] 


> 0 . 


z c U. 



25 > 


w 


ProojF. For f(z> = 2 / 9 ( 2 ) where 9 ( 2 ) * 1 + £ b 2 *^ c -4, we have 

n = l 


2 f"< 2 > 


(7.3.7) X (1+ 


2 f' ( 2 ) 
f (2) 


CD 00 

(ZX+^I) £ nb 2 " X £ n(n-l> b 2 " 
1^-1 n - n 

= X+/. - Jizl + ^=2 


m 

1 + Z b z' 

11=1 


CD 

1 + r <l-n) b^z 
^ n 

n =2 


n 


in the unit disc U. For a = j2X+^i| Re (X+p)/( 1 2 X+/j| + jX j ) , we have. 


(7.3.8) 


and 


(7.3.9) 


00 

(2X+#i) £ nb 2 ^ 
n=l " 


1+ Z b 2 ’ 

1 n 

n=l 


00 

X Z n(n-l) b 2 *^ 

_n =2 

00 

1 + Z (1-n) b z" 

^ n 

n=2 


00 


|2X+^(l Z njb^l 

n = l 


QD 

1 - z 

n=l 


m 


< a. 




|X| Z n(n-l)|b^| 

ii =2 

1 - Z Cn-Dlb I 

n =2 ' 


< Re (X+/j) -a 

by the condition (7.3.5). By using the inequalities (7.3.8) and 
(7.3.9) in the equation (7.3.7), the inequality (7.3.6) is 
obtained. 

00 

Corollary 7.3.3 (Reade et al. C1093) If f( 2 ) = z/(l+ Z b„z”> « 

n® 1 

m 

With the b 's satisfying 4jb.j + Z (n-l)(3n+l) |b | < 1, then f 

n =2 


belongs to CV. 
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Proof.. By taking X *= l and p = 0 in Theorem 7.>,Z, the corollary 
is obtained. 


00 

Coro,U,.%I.y 7.3.4 If f<z) * z/(l+ E b z") e A, with the b 's 

n=l " ^ " 

satisfying 

00 

<7.3.10> <l+|X|+|l+Xj > |bj j +E < l+n( jX j +1 1+X [ > > (n-1 ) j b^l £ 1 


for X € C, then f is X-convex in the unit disc U. 

Proof . Choosing = 1 - X, the condition (7.3.5) becomes the 
condition (7.3.10). Thus Theorem 7.3.2 gives that the given 
function f is X-convex in U. 

00 

Corollary 7.3.5 If f(z) = z/(l+ E b z”> c A, with the b 's 

n=l " ^ " 

sat i sfy i ng 

.. 00 

(cos X+a+|e* +oj ) |bj| + E ( (a+ |e*^+a|)n + cos X)(n-l)jb^j 

n=2 

S cos X. 


for jX| < n/2, X e IR. 0 < a, then f is a-X spiral of order 0. 

Proof . Choosing X = a, e*^- a in place of /j. Theorem 7.3.2 gives 
the corollary. 

For ^ = 0, X = e*^, -flr/2 < ft < n/Z, Theorem 7.3.2 gives the 
following corollary. 

00 


Coro 1 lary 7.3.6 (Ahuja and Jain E23) If f(z> 
-ft/2 < ft < ft/2 and 


2/(1+ E b z^') « A. 

« n 1 

n*l 


m 


C> + cos /?) |b. I + r <5n + cos /?)(n-l) |b^j S cos ft 



2>5 


then f is a /3-Robertson function of order 0 <cf- Definition 1,6.2) 
in U. 


The aim of this section is to study Problems <i> and <ii> 
stated in Section 7,1 for functions in the class R <cf. Section 

€X 

1.3) of prestarlike functions of order a. a < 1. 


A function f analytic in the unit disc U. normalized by 
f(0> = 0, f' <0> 0 i s said to be prestarlike of order a in U, 
a < 1 . if 


Re 1 

zf' (0) 2* 


z e U. a - 1 , 


(1-z) 


irrsT * 


o < 1 


where. S is as in Section 1.3, The class of prestarlike functions 
01 

of order a in U is denoted by R . 

OI 

For a < 1 . f € R and p c S , Ruscheweyh [2163 found that, if 

Ot Ok 


F<z> is analytic with positive real part in the unit disc U. then 


(7.4.1) 


Re 


f(z>#(p(z>F(z)> 

f(z>*p(z) 


> 


0 


in U. 


Throughout in the sequel, for a function f analytic in U. by 
f(z>. y St -1. we mean that for z « U. 

f( 2 ) * ^ ♦ f<z) , 

(1-z)^ ^ 

For a function f belonging to ^ have. 

Re f (z))/tt>^ f (z)) > 172 in U. Since R^ S R^ for a 5 T) S 1, 

[1163. we have that the function f is also in the class 



1 Bast one of X . p nonzero . or i i i } X > 4|fi| v^hen fj a s a 
complex nun^er . The result is sharp an the sense that the rangea 
of X and /J can not be i ncreased . 


Proof . Let X > 4|#i| where c C. First it is shown that the 
function 

h(z> = ■JTJ' P Ci-z) 

has Re h<z> > 0 in the unit disc U. We have 
Re h<z) - j#ij (2 + r> 

>j- Z\h\ > 0 

in the unit disc U where [z| ^ p. Now by taking FCz> ^ h<z> and 

y 1 

p(z> = z/il-zr in the inequality <7.4.1>, we obtain part <ii> 
of the theorem. The proof of part <i> is straight forward and ia 
omitted. The function Kz) » z/<l-z) « gives 

fharpnesB of the scalars X and p in the theorem. 
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The following result is important in view of the fact that 
Re ( <II>^ ^ 1<2)>/I>^ l<2>) > 0 only in the disc j 2 j < 1 /-/Z , 

v^ere l( 2 > = 2 /<l- 2 > and y 2: 1 . 

Theorem 7.4,2 I_f i' ^ then for a 1 1 X and fj such 

that X > 2^1 i 0. ^ have for 2 « U. 

(7.4.3) Re f X ^ 1 > o 

»- eP' f (2> eP' f <2> J 

Proof . First it is shown that the function 
h<2> = X<l-2> + #J<l-2>^ 


has Re h( 2 > > 0 in the unit disc U. Me have 
Re h< 2 > = X Re (1-2) + ^ Re (1-2)^ 

= <X-2/j)(2-r cos e> + /i (<l-r^) + 2(3-r cos ©>^> 
> 0 

16 

in U where z = re 

yfl 

Now by taking F( 2 ) = h<z) and p( 2 > = 2 /(l-z> in the inequality 

(7.4.1). the required inequality (7.4.5) is obtained. 

The property that Re HeP'*^ l(z>)/tD^ Kz)) > 0 only in the 
disc (zj < l/y2. motivates us to obtain the following result. 
v4tere Kz) * z/d-z) and y ^ -1. 


Theorem 7.4.3 Ijf f € 7" — 


€7,4.4) 


„ r D*''*^^f(z) ^ i>^'*'^f(z) 

Re f + — 


Ep'fiz> 


WP" f(z) 


> 0 


in the disc |z| < p = 4*^2 -5 S 0.81. The number p is the best 


one. 
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Proof. First it is shown that the functi 


on 


h<z) 


1 -z 


(3-z> 


has Re h<z> > 0 in the disc jzj < p = -J. For 1/CJ-z) * R e 

we have 






and 


1 -r 


cos c . 115!^ 


where |zj = r in the unit disc U. Thus. 

2Re h<z> = 2(R cos C + R^ cos 2C ) 

= 2+(l-5r^>t + <3-r^)^ t^ s p<t> 

2 

where t = R . For r ^ ■/7-2 we have tj * < 5r^-l )/2 < 3 -r^> ^ is in 

the range of t. 

9f> 


J.2 

a p 


^ (tj) = 0 and (t.) > 0 

■* 


Hence, for r i V? -2. 




when r < p. 

For r < y? -2. we have 


min pity - p i 1 — j y = > 0. 

(l+r>^ (l+r>^ 

Thus, we have Re h<z) > 0 in the disc (z| < p. Now by taking 
F<z> = h(pz), p<z> = pz/il-pzy^*^ and f<pz> in place of f(z> in 
the inequality (7.4.1 >. we have that the function 



2>9 



f<p2)* — ei— 

u-pz}^ 


D^f <P2) 


takes values in the convex hull of F<U> from which the required 
inequality follows. The function Hz') ~ Z/il'Z) c 
sharpness of the radius p. 

Remark . For y - -1 . it follows from Theorem 7,4.> that the radius 


<7.4.5) 


Re I JLi^l + f' <2> 1 > 0 


in the class R. is 44/2-5. Bhooshnurmath and Swaroy CiOl studied 

^ ® n . 

the class consisting of functions f<z> - z - T. a z € .^1 which 

n=2 

satisfy (7.4.5) in the unit disc U with a^ ^ 0. n t Z, 

The following result is also concerning Problem <i) stated 
in Section 7.1. 


Theorem 7.4.4 I_f f « ^u^y/z' ^ ^ 


<7.4.6) 


B>^~^f<2) ^ D*"~^f<z> 1 ^ Q 

n>^f<z) i>^f(z> J 


the disc jzl < P - *f77¥ £ 0.95. Ihe number p U the best 


Proof. In the proof of Theorem 7.2.1. it has been seen that the 


function 


h<z> = <l-2> + 
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has Re h<z> > 0 only in the disc jzj < p * -fTTI. Now, by taking 
F<z> = h<pz>, p(z> = pz/(l-pz)^*^ and f<pz> in place of f<z) in 
the inequality (7.4.1), we have that the function 


f(pz>* [- 


<l-pz>^ 


((i-pz>f<i-pz)2)] 


f <pz >* 


(l-pz)^"^- 


f <pz ) 


takes values in the convex hull of F(U> from which the required 
inequality follows. The function Kz) = z/(l-z> « R,, . gives 

i i } / c 

sharpness of the radius p. 

Finally we close the section with the following observation 
on the class CV<a), 0 < a < 1 ; 


If f € CV<a). 0 < a < 1. then. 


R. r 1 t , + 


(f' (z)) 




in the disc jzj < p = (VJ -D/VZ = 0.874. The radius p can not be 

replaced by any larger one. This inequality follows from the 

inequality (1.3.8) and the relation that for f € CV<a> , the 
z 

function J <f' <C ) dC « CV (cf. <>.2.1>>. 

0 
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